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Abstract. In this paper we develop the global symbolic calculus of pseudo¬ 
differential operators generated by a boundary value problem for a given (not nec¬ 
essarily self-adjoint or elliptic) differential operator. For this, we also establish 
elements of a non-self-adjoint distribution theory and the corresponding biorthog- 
onal Fourier analysis. We give applications of the developed analysis to obtain 
a-priori estimates for solutions of boundary value problems that are elliptic within 
the constructed calculus. 
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1. Introduction 

In this paper we are interested in questions devoted to the global solvability and 
further properties of boundary value problems in M”. Given a problem for some 
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pseudo-differential operator A with fixed boundary conditions in a domain hi C M”, 
the main idea for our analysis is to develop a suitable pseudo-differential calculus 
in which the given boundary value problem can be solved and its solution can be 
efficiently estimated. Such pseudo-differential calculus is developed in terms of a 
‘model’ operator L with the same boundary conditions in hi for which we can introduce 
and work with the global Fourier analysis expressed in terms of its eigenfunctions. 
In general, such a model operator L does not have to be self-adjoint, so we will be 
working with biorthogonal systems rather than with an orthornomal basis to take 
into account a possible non-self-adjointness. The operator L also does not have to be 
elliptic. 

Different powerful approaches to boundary value problems for pseudo-differential 
operators have been already developed, see e.g. Boutet de Monvel [BdM71] and many 
subsequent works by, among others, the Mazya school (see e.g. [MSIO]), Melrose 
school (see e.g. [MM98]), or Schulze school (see e.g. [HS08]), see also approaches in 
e.g. Eskin [Esk81], Schrohe and Schulze [SS99], Melo, Schick and Schrohe [MSS06], 
Mitrea and Nistor [MN07], Plamenevskii [Pla97], and references therein. 

However, our approach is rather different from all these by being global in nature. 
An example of such an approach is the toroidal calculus of pseudo-differential op¬ 
erators on the torus or of the periodic pseudo-differential operators on M"". A 
global analysis of pseudo-differential operators on the torus based on the Fourier se¬ 
ries representations of functions with further applications to the spectral theory was 
originated by Agranovich [Agr79], with further developments of its different aspects 
by Agranovich [Agr84], Amosov [Amo88], Elschner [Els85], McLean [McL91], Melo 
[Mel97], Prossdorf and Schneider [PS92], Saranen and Wendland [SW87], Turunen 
and Vainikko [TV98], Vainikko and Lifanov [VLOO], and others. However, most of 
these papers deal with one-dimensional cases or with classes of operators rather than 
with classes of symbols. A consistent development of the application of the classical 
Fourier series techniques in the analysis of pseudo-differential operators on the torus 
was developed by the hrst author and Turunen in [RT09, RTlOb] and can be also 
found in the monograph [RTlOa]. For further extensions of this periodic analysis to 
the almost periodic setting see e.g. Wahlberg [Wah09, Wahl2]. The classical Fourier 
series on a circle T = R/Z can be viewed as a unitary transform in the Hilbert space 
L^(0, 1) generated by the operator of differentiation with periodic boundary 

conditions, because the system of exponents {exp(27r2Aa;), A G Z} is a system of its 
eigenfunctions. 

The analysis of this paper is the development of such ideas to a more general 
setting without assuming that the problem has symmetries. Instead of the differential 
operator (—in the space T^(0,1), we consider a differential operator L of order m 
with smooth coefficients, in the Hilbert space L^(r2), where D C R"" is an open subset. 
We assume that L is equipped with some boundary conditions leading to a discrete 
spectrum with its family of eigenfunctions yielding a (biorthogonal) basis in L^(r2). 
Moreover, L does not have to be self-adjoint. General biorthogonal systems have been 
investigated by Bari [Bar51] which is a setting convenient for our constructions; see 
also Gelfand [Gel51]. Similar (slightly more general but essentially the same) systems 
are also called ‘Hilbert systems’ or ‘quasi-orthogonal systems’ by Bari [BarSl] and 
Kac, Salem and Zygmund [KSZ48], respectively. 
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We then investigate the associated spaces of test functions, distributions, ‘convo¬ 
lutions’, Fourier transforms, Sobolev spaces Hl{Q) and /^(L) spaces on the ‘dual’, 
associated to L, and their properties such as the Hausdorff-Young inequality, inter¬ 
polation, and duality. A strong characteristic feature of this analysis is that it is 
build upon biorthogonal systems rather than more familiar orthonormal bases. Con¬ 
sequently, we introduce difference operators acting on Fourier coefficients, and the 
subsequent symbolic calculus of pseudo-differential operators generated by a differen¬ 
tial operator L. A formula for compositions of pseudo-differential operators and other 
elements of the symbolic calculus are obtained. It is shown that pseudo-differential 
operators are bounded on under certain conditions on their symbols. We also 
analyse ellipticity and a-priori estimates for operators within this calculus. 

The exponential systems on L^(0,1) for a discrete set A possibly con¬ 

taining A ^ Z have been considered by Paley and Wiener [PW34] who called such 
systems the nonharmonic Fourier series to emphasize the distinction with the usual 
(harmonic) Fourier series when A = Z. For further explanations and developments of 
the nonharmonic analysis we refer to survey papers by Sedletskii [SedOG, Sed03] (see 
also an earlier survey [Sed82]). The difference between the harmonic and nonhar¬ 
monic Fourier series in our context is already exhibited by the operator L = —in 
the space T^(0,1), but with boundary conditions hy{0) = y{l) for a hxed h > 0. In 
this case, the series of eigenfunctions (a building block for our analysis) is ‘harmonic’ 
for h = 1 and ‘nonharmonic’ for h ^ 1. In Example 2.1 we explain this further and 
also complement it with a number of explicit formulae. 

From this point of view, the analysis of pseudo-differential operators on the torus 
using the classical exponential bases as in [RTlOb], or further extensions using rep¬ 
resentation coefficients on compact Lie groups as in [RTlOa, RT13], both fall within 
the realm of ‘harmonic’ analysis. The latter approach has further, still ‘harmonic’ 
extensions, for example for the global analysis of pseudo-differential operators on the 
Heisenberg group [FR14b], graded Lie groups [FR13, FR14a, FR15], or general type 
I locally compact groups [A4R15]. 

In the analysis of the present paper such symmetries are in general lost, never¬ 
theless we attempt to still mimic the harmonic analysis constructions but in the 
new ‘nonharmonic’ setting. Therefore, to also emphasize such a difference, we may 
call our analysis the ‘nonharmonic analysis of boundary value problems’. In spirit, 
this is similar to the global pseudo-differential analysis on closed manifolds as in 
[DR14a, DR14b] partly based on the ‘nonharmonic’ analysis on compact manifold 
by Seeley [See65, See69]. Such analysis becomes effective in a number of problems, 
for example it was recently used in [DR14c] to produce sharp kernel conditions for 
Schatten classes of operators on compact manifolds, and in [DR15] to give charac¬ 
terisations of Komatsu-type classes of functions and distributions, in particular for 
classes of Gevrey functions and ultradistributions, on a compact manifold, extending 
the characterisation given for analytic functions by Seeley [See69]. 

The analysis of [DR14a] deals with general compact manifolds, but is simplihed by 
the facts that there are no boundary conditions, the operator L is self-adjoint, elliptic 
and positive, and the considered calculus is that of invariant operators. 

We keep the setting of this paper rather abstract, in particular not relying on a 
specihc form of boundary conditions of the operator for our analysis. Certainly, if 
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more information on the operator L and its properties are available, more conclusions 
can be drawn. In Section 2 we give several examples of operators and boundary 
conditions. In a somewhat related setting, the global pseudo-differential analysis 
based on an elliptic self-adjoint pseudo-differential operator on a closed manifold has 
been recently developed in [DR14a]. 

Although in this paper we do not give explicit applications to partial differential 
equations, these will appear elsewhere. For example, the analysis developed here 
could allow one to treat classes of PDF problems in cylindrical domains of hnite 
length without assuming periodic boundary conditions on the top and bottom edges 
of the cylindrical domain, see e.g. Denk and Nan [DN13] for this kind of problems. 
Also, in subsequent works we will apply the pseudo-differential analysis developed 
here to problems in punctured domains with (5-type potentials, for PDF problems of 
the type that appeared in [KNT14, KT15]. 

Let us formulate the main assumptions of this paper. We will consider a differential 
operator L of order m with smooth coefficients on an open set hi C M" equipped with 
some boundary conditions. In order to describe the abstract scheme we will denote 
the boundary conditions by (BC) without specifying them further in the general 
framework. Concerning the boundary conditions we will assume that 

the boundary conditions (BC) are linear, i.e. they are preserved un- 

(BC) der linear combinations or, in other words, the spaces of functions 
satisfying (BC) are linear. 

In this paper we prefer to think of the operator in terms of its boundary conditions 
instead of domain, in view of the planned further applications. However, in the paper 
we may use both points of view. 

Later on, once introducing topologies on spaces of functions in the domain of L, we 
will assume the condition (BC-I-) that the boundary conditions define a closed space. 
In Section 2 we give different examples of operators L and boundary conditions (BC). 

The assumption (BC) may be reformulated by saying that the domain Dom(L) 
of the operator L is linear, and the condition (BC-I-) by saying that Dom(L) and 
Dom(L*) are closed in the topologies of C£°(f2) and C£?(f2), respectively, with the 
latter spaces and their topologies introduced in Dehnition 3.1. 

Also, we will be working with discrete sets of eigenvalues and eigenfunctions indexed 
by a countable set X. However, in different problems it may be more convenient to 
make different choices for this set, e.g. X = N or Z or Z^, etc. In order to allow 
different applications we will be denoting it by X, and without loss of generality we 
will assume that 

(1.1) X is a subset of for some K > 1. 

For simplicity, one can think ofX = ZorX = NU {0} throughout this paper. Thus, 
throughout this paper we will be always working in the following setting: 

Assumption 1.1. Let H C M"', n > 1, be a bounded open set. By L^ we denote a 
differential operator L of order m with smooth coefficients in equipped with some 
linear boundary conditions (BC). Assume that L^ has a discrete spectrum {A^ G C : 
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^ G X} on whereX is a countable set as in (1.1), and we order the eigenvalues 

with the occurring multiplicities in the ascending order: 

(1-2) \Xj\ < |Afc| for \j\ < \k\. 

Let us denote by the eigenfunction of Lq corresponding to the eigenvalue for 
each ^ E X, so that 

(1.3) Lwg = in fl, for all ^ G X. 

Here the eigenfunctions satisfy the boundary conditions (BC) discussed earlier. 
The conjugate spectral problem is 

(1.4) = A^fg in for all f E X, 

which we equip with the conjugate boundary conditions which we may denote by 
(BC)*. This adjoint problem will be denoted by L^. 

Let lln^llia = 1 and |ln^||L 2 = 1 for all G X. Here, we can take biorthogonal 
systems and i.e. 

(1.5) (M^,n,,)x2=0 for f ^ t], and (M^,nr,)x 2 = l for f = r], 
where 

(/,^)l 2 := f f{x)g{x)dx 
Jn 

is the usual inner product of the Hilbert space X^(f2). From N.K. Bari’s work [Bar51] 
it follows that the system {u^ : G X} is a basis in X^(fl) if and only if the system 

G X} is a basis in X^(f2). So, from now on we will also assume: 

Assumption 1.2. The system {u^ : f E X} is a basis in L‘^{Q), i.e. for every 
f E X^(f2) there exists a unigue series converges to f in X^(f2). 

Therefore, by Bari [Bar51], the system ^ G X} is also a basis in X^(f2). 

Also, Assumption 1.2 will imply that the spaces C£°(12) and C£?(f2) of test functions 
introduced in Section 3 are dense in 

Let us dehne the weight 

(1.6) (0:=(l + |Ad^)^, 

which will be instrumental in measuring the growth/decay of Fourier coefficients and 
of symbols. To give its interpretation in terms of the operator analysis, we can dehne 
the operator L° by setting its values on the basis by 

(1.7) L°u^ := X^u^, for all ^ G X. 

If L is self-adjoint, we have L° = L* = L. Consequently, we can informally think of 
(f) as of the eigenvalues of the positive (hrst order) operator (I -|- L° L) 2 i?r. 

With a similar dehnition for (L*)°, we can observe that (L*)° = (L°)*. 

The following technical dehnition will be useful to single out the case when the 
eigenfunctions of both L and L* do not have zeros (WZ stands for ‘without zeros’): 
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Definition 1.3. The system {u^ : ^ G X} is called a WZ-system if the functions 

u^{x), v^{x) do not have zeros on the domain 12 for all ^ G X, and if there exist C > 0 
and iV > 0 such that 

inf |m^(x)| > 

x£il 

inf |n^(a:)| > 

x£il 

as 1^1 —)■ oo. 

Here WZ stands for ‘without zeros’. We note that, in particular, a WZ-system can 
not be all real-valued due to orthogonality relations (1-5). Several examples of WZ- 
systems will be given in Section 2, but a typical example is the system 
for L = —on the circle T = M/Z. 

In the sequel, unless stated otherwise, whenever we will use inverses of the 
functions u^, we will suppose that the system G X} is a WZ-system. However, 

we will also try to mention explicitly when we make such an additional assumption. 

The paper is organised as follows. 

• Section 2: we give examples of operators L and of different boundary condi¬ 
tions yielding different types of biorthogonal systems. 

• Section 3: we introduce elements of the global theory of distributions 
in H adapted to the boundary value problem Lq. 

• Section 4: we develop the Fourier transform induced by L, which is the de¬ 
composition of elements of with respect to the eigenfunctions of L. 

Here is a point when both biorthogonal bases and came actively into 
play. 

• Section 5: we introduce L-convolution which is an operation resembling 
the usual convolution. Despite the lack of any symmetries in our problem a 
number of useful properties of such L-convolution can still be obtained. 

• Section 6: we introduce the space for which the Plancherel identity for the 
L-Fourier transform holds. Consequently, we introduce Sobolev spaces 

and describe their Fourier images. 

• Section 7: we introduce the spaces 2^(L) and F(L*) extending the spaces 1“^ and 
/l* to the /^-setting. We show that these spaces are interpolation spaces and 
satisfy the expected duality properties. Moreover, we obtain the Hausdorff- 
Young inequality for the L-Fourier transform in these spaces. 

• Section 8: we prove the Schwartz kernel theorem in the distribution spaces 
V'j^iVL). This is necessary to set up the subsequent framework of the symbolic 
analysis and of the dehnition of the symbol as the L-Fourier transform of the 
L-convolution kernel. 

• Section 9: we introduce difference operators acting on Fourier coefficients 
and on symbols. Keeping in mind ideas from the Calderon-Zygmund theory, 
these are dehned as multiplications on the inverse Fourier transform side by 
functions vanishing at an anticipated singular support of the integral kernel. 
Due to the lack of symmetries (as compared e.g. to the cases of the torus or 
of compact Lie groups) these difference operators also depend on the points 
X of the space. 
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• Section 10: the notion of difference operators is used to define Hdrniander type 
classes induced by the boundary value problem Lq and to develop elements 
of its symbolic calculus. 

• Section 11: we derive some properties of the integral kernels of pseudo¬ 
differential operators. 

• Section 12: we show that operators that are elliptic in the constructed symbol 
classes have both left and right parametrices and provide a formula for it. 

• Section 13: we discuss possible Sobolev embedding theorems. In particular, 
it seems that in order to have a meaningful collection of embeddings further 
assumptions on the boundary value problem Lq may be needed. 

• Section 14: we prove a criterion for the L^-boundedness of pseudo-differential 
operators in terms of their symbols, and extend it to Sobolev spaces as well. 
An application is given to obtain a-priori estimates for solutions to boundary 
value problems to elliptic operators. 

Most results, especially those starting from Section 5 appear to be new already in 
the case when the problem is self-adjoint. 

The authors would like to thank Julio Delgado for discussions. Applications of the 
approach of this paper to Schatten classes and nuclearity properties as well as esti¬ 
mates on eigenvalue asymptotics for boundary value problems will appear in [DRT15]. 


2. Examples of operators L and boundary conditions 

In this section we give several examples of the operator L and of boundary condi¬ 
tions (BC). The following example shows that among other things, we can extend to 
the non-self-adjoint setting the toroidal calculus (with periodic boundary conditions) 
developed in [RTlOb]. 

Example 2.1. For h > 0 , let the operator be given by the expression 


•= -i- 

^ ■ dx 

on the domain D = ( 0 , 1 ) with the boundary condition 

%( 0 ) = 1 /( 1 ). 

In the case h = 1 we get the operator with periodic boundary conditions. In this 
case the 0 [^^-pseudo-differential calculus developed in this paper coincides with the 
toroidal calculus some aspects of which were investigated in the works by Agranovich 
[Agr79, Agr84], Turunen and Vainikko [TV98], and which was then consistently de¬ 
veloped by Ruzhansky and Turunen in [RTlOb] . Thus, of main interest to us here 
will be the calculus generated by with h ^1. 

It is easy to check that for h 7 ^ 1 the operator is not self-adjoint. Spectral 
properties of the operator are well-known (see Titchmarsh [Tit26] and Cartwright 
[CarSO]): with X = Z, 

A. has a discrete spectrum and its eigenvalues satisfy 

\j = —i\nh + 2j7r, j G Z. 
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B. The system of eigenfunctions 

{Uj{x) = j e Z} 

of the operator is a minimal system in the space L‘^{Q), and the biorthogonal 
system to {uj{x) = , j G Z} in is 

{vj{x) = j e Z}. 


C. The system of eigenfunctions of the operator is a Riesz basis in 
These families also form WZ-systems (without zeros, as in Dehnition 1.3). 


D. The resolvent of the operator O 


( 1 ) 


IS 


(O" - = 


A(A) 


^i\(x+l) 


e-*^V(t)dt + ze* 


^—iXt 




where 


A(A) = h — e 


iX 


The above example hts into our framework once we index the family of eigenvalues 
and of the corresponding eigenfunctions by X = Z which is a choice we made for 
the (discrete) index set. In Section 5 we will discuss convolutions generated by our 
operators Lq. In this example, the convolution generated by the operator has 
the following explicit form 

(5'*oW/)(a;) = ^ 9 {x-t)f{t)dt+^ j g{l + x-t)f{t)dt. 

For more details on this particular convolution see [KT14] and [KTT15]. 

Remark 2.2. The toroidal pseudo-differential calculus on all higher dimensional tori 
T”, u > 1, as outlined in [RT07] and then consistently developed in [RTlOb], can not 
be covered by the hrst order differential operator But in this case we can take 
the second order operator. Namely, identifying the torus with the cube [0,1]"" 
with periodic boundary conditions, we can take L := A to be the Laplacian with the 
periodic boundary conditions on the boundary of = (0,1)"". See Example 2.5 for 
further details. 


Example 2.3. The operator L = i 


;_d 

dt 


y{t)da{t) = 0, 


with 12 = (—a, a) and the boundary condition 
vaxait) < oo, 0 < a < oo. 


has the eigenfunctions in the form {exp(2Afct)}AfcGA, where A C C is the collection of 
zeros of the Fourier transform da of the measure da{t). It becomes a biorthogonal 
system or a Riesz basis under a number of properties of A, see Sedletskii [Sed06] for 
a thorough review of this topic, see also [Sed03]. 


Example 2.4. Combining Example 2.1 and Example 2.3, we can consider operator 
L = —with 12 = (0,1) with the domain 

Dom(L) = |z/ e 14^2^[0,1] : ay{0) -|- by{l) + J y{x)q{x)dx = 0 
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where a 7 ^ 0, & 7 ^ 0, and q G C^[0,1]. We assume that 


a + b + / q{x)dx = 1 


^0 

so that the inverse exists and is bounded. Following [KN12], we have the following 
properties, with X = Z: 


A. The operator L has a discrete spectrum and its eigenvalues can be enumerated 
so that 

\j = -i ln(-^) + 2j7r + aj, j G Z, 
and for any e > 0 we have 

< oo- 

jez 

If rrij denotes the multiplicity of the eigenvalue Xj, then rrij = 1 for sufficiently large 

j- 


B. The system of extended eigenfunctions 
r (ix^^ ■ 

( 2 . 1 ) < Ujk{x) = ; 0 < /c < — 1 , j G Z 

of the operator L is a minimal system in the space L^(0,1), and its biorthogonal 
system is given by 


Vjk{x) = lim 




k\ d\^ \ A(A) 


+ i e 




0 < k < rrij — 1, J G Z, where 


A(A) = a + + / e^^^q{x)dx 


The eigenvalues of L are determined by the equation A(A) = 0. 


C. The system {ujk}o<k<mj-i, jgz of extended eigenfunctions ( 2 . 1 ) of the operator 
L is a Riesz basis in X^(0,1). Any / G Dom(L) has a decomposition in a uniformly 
convergent series of functions in (2.1). Moreover, the eigenfunctions satisfy 

( 2 . 2 ) 

jez 


In particular, this implies that modulo hnitely many elements, the system (2.1) is a 
WZ-system (without zeros, as in Dehnition 1.3). 

Example 2.5. We now consider operator L = the analogue of Example 2.1 in 
higher dimensions. Let 

fl := (0,1)” and h > 0 i.e. h = (hi,..., h„) G M" : hj > 0 for every j = 1,..., n. 

The operator on is dehned by the differential operator 

”■ 02 

( 2 - 3 ) 0 >"> :=A = Y,^’ 

j = l j 
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together with the boundary conditions (BC): 



and the domain 


Dom(Ojj"'^) = {/ e L^iyt) : A/ G L^iVt) : / satisfies (2.4)}. 


In order to describe the corresponding biorthogonal system, we first note that since 
W = 1 for all 6 > 0, we can define 0° = 1. In particular we write 


n 




for X G [0,1]”. Then, with X = Z”, the system of eigenfunctions of the operator is 


{u^{x) = ^ G Z”} 


and the conjugate system is 


{Vi(x) = e e Z”}, 


n 


where x ■ ^ = + ... + Xn^n- Note that u^{x) = n u^j{xj), where u^j{xj) = 




Example 2.6. Various sine and cosine systems appear as biorthogonal systems as 
well. One interesting example is the collection of 


sin(/c — l/4)f, /c G N, 


which appears as a system of eigenfunctions of the Sturm-Liouville problem after 
the separation of variables in the Lavrent’ev-Bicadze equation with special boundary 
conditions, see Ponomarev [Pon79]. Shkalikov [Shk85] showed that this system yields 
a Riesz basis in L^(0,7r). See also Sedletskii [Sed06, p. 146] for more perspective on 
this problem. 

Example 2.7. Let be an ordinary differential operator in X^(0,1) of order m 
generated by the differential expression 


m—1 


(2.5) 



0 < x < 1, 


with coefficients 


PfceC'^[0,l], fc = 0,1,... ,m - 1, 


and boundary conditions 


( 2 , 6 ) 



i/,(9)^53ia,y‘->(o)+fty‘->(i)]. 


s=0 


where 
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with ajs and (3js some real numbers, and pjs G 1) for all j and s. 

Furthermore, we suppose that the boundary conditions (2.6) are normed and strong 
regular in the sense considered by Shkalikov in [Shk82]. Then it can be shown that the 
eigenvalues have the same algebraic and geometric multiplicities and, after a suitable 
adaption for our case, we have 

Theorem 2.8 ([Shk82]). The eigenfunctions of the operator with strong regular 
boundary conditions (2.6) form a Riesz basis in L^(0,1). 

In the monograph of Naimark [Nai68] the spectral properties of differential opera¬ 
tors generated by the differential expression (2.5) with the boundary conditions (2.6) 
without integral terms were considered. The statement as in Theorem 2.8 was estab¬ 
lished in this setting, with the asymptotic formula for the Weyl eigenvalue counting 
function N{\) in the form 

(2.7) iV(A) ~ as A ^ -|-oo. 

Example 2.9. Let be a realisation in L^(f2) of a regular elliptic boundary value 
problem, i.e. such that the underlying differential operator is uniformly elliptic and 
has smooth coefficients on an open bounded set C M”', and that the boundary 
conditions determining E^ are also regular in some sense. Suppose that E^ is a self- 
adjoint elliptic operator, so that E^ has a basis of eigenfunctions in L^(f2). 

The earliest results on the asymptotic form of the eigenvalue counting function 
N{\) were obtained in 1911 by Weyl [Weyl2] for the case of the negative Laplacian 
—A in two dimensions. Using the theory of integral equations, Weyl derived the 
formula 

(2.8) iV(A) ~ /^^A as A ^ +cx), 

47r 

where P2(f2) denotes the area of 12. In three dimensions, this becomes 

(2.9) iV(A) ~ as a ^ +cx). 

67U* 

The problem was then developed by Courant [Coul9, Cou20, Cou22] and [CH53], 
who extended the formulae of Weyl to further settings. In 1934, Carleman [Car35] 
introduced Tauberian methods reminiscent of analytic number theory into the study 
of Weyl asymptotic formulae. Using Carleman’s results Clark [Cla67] provided a 
rather general asymptotic formula 

(2.10) iV(A) ~ CX^'^ as A ^ +oo, 

for the operator E^, where m is order of E^. The second term of the spectral asymp¬ 
totic was obtained by Duistermaat and Guillemin [DG75]. This has been extended 
further to elliptic systems, see the book [SV97] by Safarov and Vassiliev for a survey, 
as well as to systems with multiplicities, see Kamotski and Ruzhansky [KR07] and 
references therein. 

3. Global distributions generated by the boundary value problem 

In this section we describe the spaces of distributions generated by the boundary 
value problem and by its adjoint and the related global Fourier analysis. The 
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more far-reaching aim of this analysis is to establish a version of the Schwartz kernel 
theorem for the appearing spaces of distributions equipped with the corresponding 
boundary conditions. We hrst dehne the space C£°(f2) of test functions. 

Definition 3.1. The space := Dom(L^) is called the space of test functions 

for Lq. Here we dehne 

OO 

Dom(L“) :=f|Dom(L^), 

k=l 

where Dom(LQ), or just Dom(L^) for simplicity, is the domain of the operator L^, in 
turn dehned as 

Dom(L^) := {/ G L'^{n) : Vf G Dom(L), j = 0, 1, 2,..., fc - 1}. 

We note that in this way all operators L^, /c G N, are being equipped with the same 
boundary conditions (BC). The Frechet topology of C'£°(r2) is given by the family of 
norms 

(3.1) ||(p||t7fc := m^||LV||L2(o), A; G No, G 

B J<k 

Analogously to the L-case, we introduce the space corresponding to the 

adjoint operator by 

OO 

C£S(n) := Dom((L*)°°) = p| Dom((L*)^), 

k=l 

where Dom((L*)^) is the domain of the operator (L*)^, 

Dom((L*)'^) := {/ G L\n) : (L*)V G Dom(L*), j = 0,..., A: - 1}, 

which satisfy the adjoint boundary conditions corresponding to the operator L^. The 
Frechet topology of C'jjS (H) is given by the family of norms 

(3.2) llV'llcN := max ||(L*)'^'0 ||l2(o), A; G Nq, -0 e C'^(^)- 

Since we have G ^^“(H) and G C£?(r2) for all G X, we observe that 
Assumption 1.2 implies that the spaces (^^“(H) and (^^^(H) are dense in L’^iVL). 

We note that if is self-adjoint, i.e. if with the equality of domains, 

then C£?(n) = C£°(n). _ _ 

In general, for functions / G (^“(H) and g G ^{^(H), the X^-duality makes sense 
in view of the formula 

(3-3) (L/, 5')L2(f^) = (/, L*5()i2(f^). 

Therefore, in view of the formula (3.3), it makes sense to dehne the distributions 
as the space which is dual to C£S(r2). Note that the the respective boundary 
conditions of and are satished by the choice of / and g in corresponding 
domains. 

Definition 3.2. The space 

V'^iSl) :=£(C£S(n),C) 
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of linear continuous functionals on (f2) is called the space of L-distributions. We 
can understand the continuity here either in terms of the topology (3.2) or in terms 
of sequences, see Proposition 3.3. For w G Vi^iVL) and G C£S(f2), we shall write 


w{ip) = {w,ip). 


For any ip G C£°(f2), 

9 9? I—)■ f iIj{x) ip{x) dx 

Jn 

is an L-distribution, which gives an embedding ip G ^ We note that 

in the distributional notation formula (3.3) becomes 

(3.4) = {;ip,lj*Tp). 


With the topology on C£°(f2) dehned by (3.1), the space 

:=£(cr(n),c) 


of linear continuous functionals on (^“(fl) is called the space of L*-distributions. 


Proposition 3.3. A linear functional w on (^^^(fl) belongs to 'DpiVl) if and only if 
there exists a constant c > 0 and a number k eNq with the property 

(3.5) |m;((/?)| < c\\Lp\\ck^ for all G ^“(fi). 

Proof. If w satishes (3.5), it then follows that w{(pj)—w{(p) = w{(pj — (p) converges 
to 0 as j —)■ oo. 

Now suppose that w does not satisfy condition (3.5). This means that for 
every c > 0 and every k G No, there is a <pc,fc £ C'l*(^) which 

|^(^c,fc)| ^ ^11 ^c,fcII(7^^ ■ 

This implies 

\\'^c,k\\c^, < ^ and |w('0c,fc)| = 1, 

if we take 'ipc,k = ^Pc,k and A = The sequence {'0fc,fc}fceN converges to zero in 

C£?(r2), while w{'ipk,k) does not converge to zero. Therefore, w is not a distribution, 
which gives a contradiction. □ 


The space has many similarities with the usual spaces of distributions. For 

example, suppose that for a linear continuous operator D : C£°(r2) —)■ C£°(r2) its ad¬ 
joint D* preserves the adjoint boundary conditions (domain) of and is continuous 
on the space Cjj?(r2), i.e. that the operator D* : C£$(f2) —)> C£?(f2) is continuous. 
Then we can extend D to by 

{Dw, if) := {w, D*Tp) {w G ip G C“(fl)). 

This extends (3.4) from L to other operators. The convergence in the linear space 
VP{Q) is the usual weak convergence with respect to the space (^^^(fl). The following 
principle of uniform boundedness is based on the Banach-Steinhaus Theorem applied 
to the Frechet space (^“(n). 
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Lemma 3.4. Let {wj}j^fq be a sequence in T>'i^{LL) with the property that for every 
(f G the sequence in C is bounded. Then there exist constants 

c > 0 and k eNq such that 

(3.6) \wj{^)\ < c\\^\\cl, for all j eN, ^E 

The lemma above leads to the following property of completeness of the space of 
L-distributions. 

Theorem 3.5. Let {wj}j^jq be a sequence in V^^iVL) with the property that for every 
(f G C£?(f2) the sequence {tCj(v9)}jgN converges in C as j —)■ oo. Denote the limit by 
w{(p). 

(i) Then w : ip w{ip) defines an L-distribution on Furthermore, 

lim Wj = w in van). 

J-fOO 

(ii) If Pj p in E C£S(f2), then 

lim Wj{pj) = w{p) in C. 

j^oo 

Proof, (i) Writing ont the dehnitions, we hnd that w dehnes a linear functional on 
C£?(n). From the starting assumption it follows that the sequence is 

bounded for every p E and thus we obtain an estimate of the form (3.6). 

Taking the limit in 

k(<^)| < \w{p) - Wj{p) \ + \wj{p)\ < |u;((y9) - Wj{p) \ + c\\p\\ck^ 
as j —)■ oo, we get 

k(<^)| < c\\p\\ck^ 

for all p E ^“(fi). According to Proposition 3.3 this proves that w E D'i^{VL), and 
Wj —)■ tc in now holds by dehnition. 

(ii) Regarding the last assertion we observe that if pj p in (^^^(n), then by 
applying Lemma 3.4 once again, we obtain 

\Wj{pj) - w{p)\ < \Wj{pj -p)\ + \Wj{p) - w{p)\ < c\\pj - p\\ck^ + \Wj{p) - w{p)\, 

which converges to zero as j —)■ oo. □ 

The main tool in the proof of Theorem 3.5 was Lemma 3.4, which is based on the 
principle of uniform boundedness. It may be instructive to give another proof of Part 
(i) of Theorem 3.5 based on the method of the gliding hump. 

Proof. Suppose that w does not belongs to V'l^iVL). Then there exists a sequence 
{Pj} jgN in C£S(f2) that converges to zero in C£?(f2), while {w{pj)}j^^ does not 
converge to zero as j -E oo. Hence, by passing to a subsequence if necessary, we 
can arrange that there exists c > 0 such that \w{pj)\ > c. We can assume that 
^ if we replace {(^j}jgN by a suitable subsequence if necessary. Accord- 

ingly, upon writing pj for 2^pj, we obtain that pj —)■ 0 in (^^^(H), while \w{pj)\ —)■ oo 
as i -E oo. 

Next, we dehne a subsequence of say in (^{^(H), and a subsequence 

of {wj}j^n, say {ujljgN in ©(^(fl), as follows. Select such that |t<;('0i)| > 2. As 
Wj{'ipi) —)■ we may choose Vi such that |ni('0i)| > 2. Now proceed by induction 
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on j. Thus, assume that ipk and Vk have been chosen, for 1 < k < j. Then select i/jj 
from the sequence such that 



(a) 


(3.7) 

(b) 



(c) 

k(V'i)l > Y \ + J + 1 


l<k<j 

Condition (a) can be satisfied because of the properties of the ipi] and (b) because 
of (fj — 0 in C£?(f2) and all Vk belong to for 1 < A; < j; whereas (c) holds 

because \w{(pj)\ ^ oo as j —)■ oo. In addition, since lim Wj{'ip) = w('^), for all 

j^oo 

"0 G C£$(f2), condition (c) implies that we may select Vj from the sequence {tCjjjeN 
such that 

(3.8) \vj{'ipj)\> \'^ji'^k)\+j+ 1. 

l<k<j 

Now, set ijj := X) V'fe- According to (a) the series on the right-hand side converges 
fceN 

in C£$(f2), which leads to 'ip E Obviously, for any j, 

0-(V’A:) + Vjiijj) + 

l<fc<_7 j<k 

hence 

\vj{pj)\ > \vj{ijj)\ - \vj{pJk)\ - Y IO'(V’fc)l > J +1 -1 = i, 

l<k<j j<k 

on account of (3.8) and (b). On the other hand, being a subsequence of 

{tCjljgN implies lim Vj^pj) = Summarising these properties, we have arrived 

j^oo 

at a contradiction. □ 

Similarly to the previous case, we have analogues of Proposition 3.3 and Theorem 
3.5 for L*-distributions. 


4. L-Fourier transform 

In this section we define the L-Fourier transform generated by our boundary value 
problem Lq and its main properties. The main difference between the self-adjoint 
and non-self-adjoint problems is that in the latter case we have to make sure that 
we use the right functions from the available biorthogonal families of and v^. We 
start by defining the spaces that we will obtain on the Fourier transform side. 

From now on, we will assume that the boundary conditions are closed under taking 
limits in the strong uniform topology to ensure that the strongly convergent series 
preserve the boundary conditions. More precisely, from now on: 


(BC+) 


assume that, with Lq denoting L or L*, if fj G ^{(^(n) satisfies 
fj ^ f in C£^(fi), then f G 
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Let S{X) denote the space of rapidly decaying functions (p : X ^ C. That is, 
(p G S{X) if for any M < oo there exists a constant such that 

holds for all ^ G X. Here (^) is already adapted to our boundary value problem since 
it is dehned by (1.6). 

The topology on S{X) is given by the seminorms pk, where k E No and 

Pki^) := sup(Olx(OI- 

«ei 

Continuous linear functionals on S{X) are of the form 

X ^ {u,x) := 

cel 

where functions u \ X ^ C grow at most polynomially at inhnity, i.e. there exist 
constants M < oo and Cu,m such that 

\u{0\<Cu,m{0^ 

holds for all ^ G X. Such distributions m : X —)■ C form the space of distributions 
which we denote by S'{X). We now dehne the X-Fourier transform on 


Definition 4.1. We dehne the L-Fourier transform 

{TLfm = if^f)--crm^s{x) 

by 

(4.1) m ■■= = f f{x)^dx. 

Jn 

Analogously, we dehne the L*-Fourier transform 


(*^ L */)(0 = (/^/*) : ^‘ 5 ( X ) 


by 

(4.2) 


f*{0 ■= (-^L */)(0 = / f{x)u^{x)dx. 


The expressions (4.1) and (4.2) are well-dehned by the Cauchy-Schwarz inequality, 
for example. 


(4.3) 1/(01 = 

Moreover, we have 


f{x)v^{x)dx 


< ll/IUHbclU^ = II/IU2 < 00. 


Proposition 4.2. The L-Fourier transform T-l is a bijective homeomorphism from 
(^^“(fl) to S{X). Its inverse 

Tp : S{I) ^ cr(n) 


(rph){x) = h{i)u^{x), h e 5(1). 

CGI 


is given by 

(4.4) 







NONHARMONIC ANALYSIS OF BOUNDARY VALUE PROBLEMS 


17 


SO that the Fourier inversion formula becomes 

(4.5) fix) = mu(ix) for all f e Cr(Sl). 

C 6 X 


Similarly, T\* : C£S(f2) -A iS(X) is a bijective homeomorphism and its inverse 

: S{I) ^ C-p 

is given by 


(4.6) (Tf}h){x):=Y,h{fMn, ft e 5(1), 

«ei 

so that the conjugate Fourier inversion formula becomes 

(4.7) fix) = f.i(Mx) for all f e CP(n). 

CGI 


Proof of Proposition 4-2. The proof is largely similar to the standard case, so we 
only indicate a few key points dne to biorthogonality. We show first that for any 
/ G we have / G S{X), i.e. that for any M < oo there exists a constant C 

such that 

\m\<c{o-^ 

holds for all f eX. Indeed, for any M G N and 7 ^ 0 we get 


1/(01 = 


f{x)v^{x)dx 




Af 


1 

Jn 


jM I L f{x)v^{x)dx 


<C\\L^f\\mn){0 


—mM 


by the Cauchy-Schwarz inequality. In view of (3.1), this also shows that Xl is con¬ 
tinuous from C£°(r 2 ) to *5(1). 

Now, in view of (BC-I-), for any h G S{X) the formula (4.4) defines a function 
jpfj^h G (^“(n) with Fourier coefficients h{f) due to biorthogonality relations (1.5). 
If two function /i, /2 G C£°(f2) have the same Fourier coefficients /i(0 = /2(0 
all f E X, since the linear span is dense in C£°(r2), we have 

/i(0 = 5^/i(0«c(0 = 5^/2(0 «c(0 = f2{x). 

CGI CGI 


The continuity of Xl ^ : S{X) -E readily follows as well. The properties of the 

conjugate Fourier transform Xl* can be seen in an analogous way. □ 


By dualising the inverse L-Fourier transform X^ ^ : S(X) -E- X£°(r2), the L-Fourier 
transform extends uniquely to the mapping 


Xl ; V'^{n) -E S'iX) 


by the formula 

(4.8) (XLtc,<yc) := {w, , with w E ip E S{X). 
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It can be readily seen that if ta G 'D'i^{Vt) then w G S'{X). The reason for taking 
complex conjngates in (4.9) is that, if tc G C£°(r2), we have the eqnality 


{w,^) = 

i&x i&x 


x)dx (p(0 


= w 

Jn 


(^) I ]dx = l^w{x){j^^J-(p)dx = (w, Jl*V)- 

«6X 


Analogously, we have the mapping 

J-L* : ^ S'{I) 


dehned by the formula 

(4.9) := with ta G T>L*(r2), (p G iS(X). 

It can be also seen that if tc G then w G S'{X). 

We note that since systems of and of are Riesz bases, we can also compare 
L^-norms of functions with sums of squares of Fourier coefficients. The following 
statement follows from the work of Bari [BarSl, Theorem 9]: 


Lemma 4.3. There exist constants k, K, m,M > 0 such that for every f G L‘^{Q) we 
have 


«6X 


2|| rii2 
L2 


and 


k\f\\h - 




2|| rii2 

L2- 


However, we note that the Plancherel identity can be also achieved in suitably 
dehned /^-spaces of Fourier coefficients, see Proposition 6.1. 


5. L-Convolution 

Let us introduce a notion of the L-convolution, an analogue of the convolution 
adapted to the boundary problem Lq. 

Definition 5.1. (L-Convolution) For f,g E (^“(n) dehne their L-convolution by 

( 5 . 1 ) {f^Lg){x) := 

cel 

By Proposition 4.2 it is well-dehned and we have f-kig E (^“(n). 

Moreover, due to the rapid decay of L-Fourier coefficients of functions in C£°(r2) 
compared to a hxed polynomial growth of elements of iS'(X), the dehnition (5.1) still 
makes sense if / G ^^(fl) and g E (^“(n), with f-k^g E (^^“(n). 

Analogously to the L-convolution, we can introduce the L*-convolution. Thus, for 
f,g E (^^^(fl), we dehne the L*-convolution using the L*-Fourier transform by 

(5.2) {f^Lg){x) := 

cel 
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Its properties are similar to those of the L-convolution, so we may formulate and 
prove only the latter. 


Remark 5.2. Informally, expanding the dehnitions of the Fourier transforms in (5.1), 
we can also write 


(5.3) 

where 


{f-^L9){x) := / / F{x,y,z)f{y)g{z)dydz, 


Q J Q 


F{x,y,z) = ^u^{x) v^{y) v^{z). 

«GX 

The latter series should be understood in the sense of distributions. 


In the case of operator L = generated by the operator of differentiation with 
periodic boundary condition on the interval (0,1), see the case h = 1 in Example 2.1 
as in [RTlOb], we have 

Fix,y,z) = 6{x-y- z). 

For any h > 0, it can be shown that the convolution generated by the operator 
from Example 2.1 has also the following integral form: 

U9){x) = f{x-t)g{t)dt+^ j f{l + x-t)g{t)dt, 

see [KT14] and [KTT15]. 

Proposition 5.3. For any f,g & we have 

f-^Lg = fg- 

The convolution is commutative and associative. If g E then for all f G 

we have 

(5.4) f^L9 e c'r(n). 

If f^9 ^ then f-kig G L^(f2) with 

II/*l9|Ii. sciJip^ll/IU.IIjIU., 

where |f2| is the volume ofQ, with C independent of f,g,Q. 


Proof. By direct calculation, we get 

- 7 x (/ al ^)(0 = / '^fiv)9{v)un{x)v^{x)dx 


rjGl 


= '^fiv)9{v) / Un{x)v^{x)dx 

rj£l 

= mm- 


This also implies the commutativity of the convolution in view of the bijectivity of the 
Fourier transform. For the associativity, let f,g,h^ (^^“(fl). We can argue similarly 






20 


MICHAEL RUZHANSKY AND NIYAZ TOKMAGAMBETOV 


using the Fourier transform or, by the definition and direct calculations, we have 


{{f^L9hLh){x) = 

«6X 


] ^dy)dy 
j 




Y^^y^y^y^ / My)My)dy 








«6X 

E/(^) 

«6X 

E/(^) 

«ex 


YyivMv) / Ur,{y)v^{y)dy 

.vex 


E?(h)^(h)w^(i/)) My)dy 

Kvex 


u^{x) 
u^{x) 




The associativity is proved. For (5.4), we notice that 

iex 


and the series converges absolutely since g G S{X). By (BC+), the boundary condi¬ 
tions are also satished since they are satished by u^. This shows that f-k^g e C£°(r2). 
For the last statement, by simple calculations we get 

[\{f^Lg){x)\dx < [ Y\f(0g{0\\M^)\(^^ 

Ju Jfl 

«GX 

< <^11/11x2 ||^||l 2sup IImsIIli, 

iex 


the latter estimate by Lemma 4.3. Since hi is a bounded set, by the Cauchy-Schwarz 
inequality we have 


ii«;iu. < isjr''"ii«du= = 

for all ^ G X, where |r2| is the volume of hi. This inequality implies the statement. 


□ 


6. Plancherel formula, Sobolev spaces HliVL ), and their Fourier 

IMAGES 

In this section we discuss Sobolev spaces adapted to Lq and their images under the 
L-Fourier transform. We start with the L^-setting, where we can recall inequalities 
between L^-norms of functions and sums of squares of their Fourier coefficients, see 
Lemma 4.3. However, below we show that we actually have the Plancherel identity 
in a suitably defined space and its conjugate 

Let us denote by 

ii = m 
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the linear space of complex-valued functions a on X such that G i.e. 

if there exists / G X^(f2) such that Xl/ = a- Then the space of sequences is a 
Hilbert space with the inner product 

(6,1) (a, b),, := 5^ a(0 

«6X 


for arbitrary a, b ^ The reason for this choice of the dehnition is the following 
formal calculation: 


( 6 . 2 ) 


{a, 6),g=J]a({) (J-l.oJ-,->6)(0 

cel 


^a(0 / {Ti^^b){x)u^{x)dx 


5^a(0wc( 

LCex 


X) 


(Xl ^b){x)dx 


= / (-^L a){x){J^L b){x)dx 
Jn 

= J^L^b)L2, 


which implies the Hilbert space properties of the space of sequences The norm of 
/l is then given by the formula 


1/2 


(6.3) 


a /2 = 

I IUl 


(Xl* o Xl ^a)(0 , for all a G 


/2 

T- 


.Cex 


We note that individual terms in this sum may be complex-valued but the whole sum 
is real and nonnegative due to formula (6.2). 

Analogously, we introduce the Hilbert space 

ll = l\L*) 

as the space of functions a on X such that Xjh^a G X^(ff), with the inner product 

(6.4) (o, (,),j. := ^ o(0 

C6X 

for arbitrary a, b & /l*. The norm of is given by the formula 

llollij. = UiU7X)K)^ 


for all a E ll*. The spaces of sequences and ll* are thus generated by biorthogonal 
systems {u^}^^x and The reason for their dehnition in the above forms 

becomes clear again in view of the following Plancherel identity: 
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Proposition 6.1. (Plancherel’s identity) If f, g G then f, 'g G I^, /*, 'g^ G 

and the inner products (6.1), (6.4) take the form 

if, 9)il = 5^7(0 MO 

and ^ ^ _ 

(7, Mil, = X]7(0 ?(0- 

C6X 

In particular, we have 

(7 9)11 = (?*, f*)il,- 

The Parseval identity takes the form 

(6.5) {f,9)L^ = if, 9)11 =577(0 9*{0- 

Furthermore, for any f G P^(fi), we /lave / G f* ^ o-nd 

(6.6) II/IU 2 = ll7ll/= = ||7||«2*. 

Proof. By the definition we get 

iTL*oT~MiO = iM*9) (0=900 

and 

(*^loJ-lO?0(0 = (-^l0 (0=?(0- 

Hence it follows that 

(/. a),I = E AO TPPnWT) = E AO ^ 

5GX ?ex 

and _ _ 

(7, = 577(0 (-^L o j-lO?o(0 = 577(0 ?(0- 

?GX ^GX 

To show Parseval’s identity (6.5), nsing these properties and the biorthogonality of 
M^’s to Vrj^s, we can write 

(/,^)l2 = 577(Ow« , 57 9*(vM 

Vsex »?gx 

= EE f (09*(v) ('^?) ^v ) 5 ^ f (O 9 OO if 19)11 j 

i&X J?GX ^GX 

proving (6.5). Taking f = g, we get 

II/IIL = (/. /)i» = E A 0 l (0 = (A /)« = ll/ll|. 

«GX 

proving the first eqnality in (6.6). Then, by checking that 

(/,/)i» = (7 x)l= = E ao/.(o = E a( 0A0 = (/../.),£. = iiAii|., 

?GX ^GX 

the proofs of (6.6) and of Proposition 6.1 are complete. □ 
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Now we introduce Sobolev spaces generated by the operator L^: 


Definition 6.2 (Sobolev spaces For / G Vi^iVL) nPL*(r2) and s G M, we say 

that 

/ G Hlin) if and only if (0V(0 ^ ll- 
We define the norm on by 


1/2 


(6.7) ll/lkjm, := ^(0"’/(0/.({) 

The Sobolev space is then the space of L-distributions / for which we have 

< oo. Similarly, we can define the space '^£*(17) by the condition 

\ 1/2 


( 6 , 8 ) 




E«>''/.(?)7(o 


< oo. 






We note that the expressions in (6.7) and (6.8) are well-defined since the sum 

= m‘m. (?)7(0),> > o 

«6X 

is real and non-negative. Consequently, since we can write the sum in (6.8) as the 
complex conjugate of that in (6.7), and with both being real, we see that the spaces 
and 77£*(r2) coincide as sets. Moreover, we have 


Proposition 6.3. For every s G M, the Sobolev space 'H£(r2) is a Hilbert space with 
the inner product 

if, g)ni{Q) ■= 

?GX 

Similarly, the Sobolev space 77£*(r2) is a Hilbert space with the inner product 

if, ■= 

cel 


For every s G M, the Sobolev spaces 77^(17), 'H£(r2), and 'H£*(r2) are isometrically 
isomorphic. 


Proof. The spaces ^n^l 'H£(r2) are isometrically isomorphic by the canonical 

isomorphism 


defined by 

Fsfix) := 5^(0”V(0wc(^)- 

CGX 

Indeed, ips is a linear isometry between 77£(r2) and 77^^^ (17) for every s G M, and it 
is true that 

Fs\Fs2 Fs\+S2 Ulld (Pg ‘p — S- 

Then the completeness of L^(17) = 77£(17) is transferred to that of 77£(17) for every 
s G M. 
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As the spaces L‘^{Q) and 'Hl{Q) are isometrically isomorphic for 

every s G M. Hence the Sobolev spaces and are also isometrically 

isomorphic for every s G M. The arguments for the space 'H£* (hi) are all similar. □ 


7. Spaces /^(L) and /p(L*) 

In this section we describe the p-Lebesgue versions of the spaces of Fourier coeffi¬ 
cients. These spaces can be considered as the extension of the usual F spaces on the 
discrete set X adapted to the fact that we are dealing with biorthogonal systems. 


Definition 7.1. Thus, we introduce the spaces /£ = /^(L) as the spaces of all a G 
S'{X) such that 


i/p 

l«ll«HL) := ( l®(Ori|wdli-%) ) < for 1 < p < 2, 


(7.1) 

and 

(7.2) ||a||zp(L) := |a(0 j for 2 < p < cx), 


and, for p = oo. 


a||;^(L) := sup (|a(0| • ll^dl 

tGl ^ 


-1 

L°°{n) 


< oo. 


Remark 7.2. We note that in the case of p = 2, we have already defined the space 
/^(L) by the norm (6.3). There is no problem with this since the norms (7.1)-(7.2) 
with p = 2 are equivalent to that in (6.3). Indeed, by Lemma 4.3 the first one gives 
a homeomorphism between /^(L) with p = 2 just defined and L‘^{Q) while the space 
/^(L) defined by (6.3) is isometrically isomorphic to LP‘[VL) by the Plancherel identity 
in Proposition 6.1. Therefore, both norms lead to the same space which we denote 
by /^(L). The norms (7.1)-(7.2) with p = 2 and the one in (6.3) are equivalent, but 
there are advantages in using both of them. Thus, the norms (7.1)-(7.2) allow us to 
view /^(L) as a member of the scale of spaces /^(L) for 1 < p < cxo with subsequent 
functional analytic properties, while the norm (6.3) is the one for which the Plancherel 
identity (6.6) holds. 


Analogously, we also introduce spaces 
such that the following norms are finite: 






/P(L*) as the spaces of all h G S'{X) 
i/p 

I , for 1 < p < 2, 





i/p 


for 2 < p < oo, 
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Before we discuss several basic properties of the spaces /^(L), we recall a useful fact 
on the interpolation of weighted spaces from Bergh and Lofstrom [BL76, Theorem 
5.5.1]: 

Theorem 7.3 (Interpolation of weighted spaces). Let us write dfiQ^x) = u!o{x)dfi{x), 
dfii{x) = Ui{x)dfi{x), and write L^{uj) = LP^ojd^) for the weight ui. Suppose that 
0 < Po, Pi < oo. Then 

{LP°{uii),LP^{ui))e,p = LP{u), 

p(l-fi) p6 

where 0 < 6* < 1, - = hi® -|- A cu = Uq . 

From this it is easy to check that we obtain: 

Corollary 7.4 (Interpolation of /^(L) and P(L*) spaces). For 1 < p <2, we have 

where 0 < 6^ < 1 and p = . 

Remark 7.5. The reason that the interpolation above is restricted to 1 < p < 2 
is that the dehnition of /^-spaces changes when we pass p = 2, in the sense that we 
use different families of biorthogonal systems and for p < 2 and for p > 2. 
We note that if the boundary value problem is self-adjoint, so that we 

can take for all f E T, then the scales /^(L) and F(L*) coincide and satisfy 

interpolation properties for all 1 < p < cxo. 

Using these interpolation properties we can establish further properties of the 
Fourier transform and its inverse: 

Theorem 7.6 (Hausdorff-Young inequality). Let 1 < p < 2 and ^ + -^ = 1. There 
is a constant Cp>l such that for all f G L^{Q) and a G /^(L) we have 

(7.3) ll/ll,,.,!, < C,||/|U.|n, 

Similarly, we also have 

('^•4) ll/*llip'(L*) — C'p||/|lLP(n) 

for allbEF{h*). 

It follows from the proof that if Lq is self-adjoint, then the /|-norms discussed in 
Remark 7.2 coincide, and so we can put Cp = 1 in inequalities (7.3) and (7.4). If 
is not self-adjoint, Cp may in principle depend on L and its domain through constants 
from inequalities in Lemma 4.3. 

Proof of Theorem 7.6. First we note that the proofs of (7.3) and (7.4) are similar, 
so it suffices to prove only (7.3). Then we observe that (7.3) would follow from the 
L^{Q) —)■ l°°(L) and /^(L) —)■ L°°{Q) boundedness in view of the Plancherel identity 
in Proposition 6.1 by interpolation, see e.g. Bergh and Lofstrom [BL76, Corollary 
5.5.4]. We note that in view of the discussion in Remark 7.2 we write constants Cp 
in inequalities (7.3) and (7.4). In particular, if Lf^ is self-adjoint, we can put Cp = 1. 


and ||7^®IIlp'(s 7 ) — C'p||®||zp(L)- 
and < Cp||5||iP(L*), 
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Thus, we can assume that p = 1. Using the dehnition f{^) = f{x)v^{x)dx we 
get 

1/(01 < [\fix)\\v^{x)\dx <\\v^\\L^\\f\\Li. 

Jn 

Therefore, 

||/||;-(L) =sup|/(OII0dlZ- < ll/IUi> 

cel 

which gives the hrst inequality in (7.3) for p = 1. For the second one, using 

{Tj^^a){x) = ^a(0M€(0 
Cex 

we have 

KJ'l^ 0(01 < l“(0ll«c(0l < ll“clU“ = II«IIh(l), 

Cgx jex 

from which we get 

ll-T L ^a||L°° < ||®||h(l)) 

completing the proof. □ 

We now turn to the duality between spaces /^(L) and l'^(L*): 

Theorem 7.7 (Duality of l^(L) and P'(L*))- Tef 1 < p < oo and ^ ^ = 1. Then 

(FiL))'= F'{L*) and (F(L*))'= 0(L). 


Proof. The proof is rather standard but we give some details for clarity. The duality 
can be given by the form 

(cti,(T 2) = 5]]cLi(0cr2(0 
C6X 

for (Ti G F{L) and a 2 G F'{L*). Assume that 1 < p < 2. Then, if ai G F{L) and 
(J 2 G F'{L*), we have 


l(f^lW2)| 


5^(^i(0(^2(0 

C6X 


C6X 

= lkl||zP(L)||cr2||;p'(L*), 

where we used that 2 < p' < oo and that - — 1 = 1 — 4 in the last line. Assume now 

— ^ p p' 

that 2 < p < oo. Then, if ai G F(L) and a 2 G F'(L*), we have 


l(f^lW2)| 


5^C^l(0f^2(0 

CGX 
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= lkl||«P(L)|k2||zp'(L*)- 
Let now p = 1. In this case we get 




«GX 


«GX 


< 


v?ex 

= lkl||u(L)lk2|b°°(L*)- 

The proofs for the adjoint spaces are similar. 


sup |(T2(0I ll^dL- 

sex 


□ 


8. Schwartz’ kernel theorem 

This section is devoted to establishing the Schwartz kernel theorem in the spaces 
of distributions In this analysis as well as in establishing further estimates 

for the integral kernels in Section 11, we will need the following assumption which 
may be also regarded as the definition of the number sq. So, from now on we will 
make the following: 

Assumption 8.1. Assume that the number Sq G M such that we have 

E«>"“ < 

«ex 

Recalling the operator L° in (1.7) the assumption (8.1) is equivalent to assuming 
that the operator (I + L°L)“T7: is Hilbert-Schmidt on L^(12). Indeed, recalling the 
definition of {^) in (1.6), namely that {^) are the eigenvalues of (I + L°L)“ 2 m^ the 
condition that the operator (I + L°L)“4^ is Hilbert-Schmidt is equivalent to the 
condition that 

(8.1) ||(I + L”L)-afe-E«U"<“' 

?GX 

If L is elliptic, we may expect that we can take any sq > n but this depends on the 
boundary conditions in general. The order sq will enter the regularity properties of 
the Schwartz kernels. 

We will use the notation 

^^“(n X H) := ^{(“(n) 0 c£°(n). 
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and for the corresponding dual space we write 

X fi) := 

The purpose of the subsequent discussion is to show that for a continuous linear 
operator 

Ai: crm ^ v'^{n) 

there exists the kernel K G x fl) such that 


(- 4 /,^) = 



K{x,y)f{x)g{y)dxdy, 


n Jn 


and, using the notion of the L-convolution in Section 5, the convolution kernel kA{x) G 
such that 

Af{x) = {kA{x)icLf){x). 

Here as usual, we identify an integrable function w in, e.g., with the distri¬ 

bution 

9 (p i-A- {w,ip) = / w(x)(p(x)dx, 

Jn 

and we shall use the integral as a notation for the value {w, ip) of tc at 9 ? also when 
w is an arbitrary distribution in 'D'^iVL). 

Consider the space A of all separately continuous bilinear functionals A on x 

with the topology of uniform convergence on products of bounded sets in 
Any distribution w in 'D'l^iVL x fl) gives rise to such a functional A G ^ by 
specialisation to products of functions 

(8.2) (Aw)(/, g) ■■= {w, f{x)g{y)) =: A{f, g). 

The kernel theorem says that the mapping 

A : tc HA- A 

is a linear homeomorphism between T>[^{Q x 12) and A. In particular, for every A G A 
there is precisely one ‘kernel’ K G x 12) such that 


A{f.g) = 



K{x,y)f{x)g{y)dxdy. 


Q, J Q 


Such theorem was proved by Schwartz [Sch55] for standard distributions, but then 
much simplihed proofs have been given, for instance, by Ehrenpreis [Ehr56] and by 
Cask [Gas60]. 

Any function h in x 12) can be expanded in an L-Fourier series 

(8.3) h{x,y) = '^ a^nU^{x)un{y). 

The coefficients in (8.3) are given by 


a^ri — 



h{x,y)v^{x)vr^{y)dxdy. 


n Jn 


Integration by parts in these formulae and the Cauchy-Schwarz inequality yield the 
estimates 


(8,4) 


\Hn\ < + {{))-”'«(! + 
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where is a constant independent of h, ji, j 2 G No, and 

\h\,~ Y. llU‘L*’'>(^.»)lli=(nxn). 

ki+k2<j 

Rescaling the coefficients we can write (8.3) in the form 

(8.5) h{x,y) = ^b^r,Mx)g^{y) 

with f^{x) and grj{y) proportional to u^{x) and Urj{y), with new coefficients The 
proportionality factors shall be chosen in a suitable way, expressed in the following 
discussion. 

Lemma 8.2. Let h be a function in ^“(fl x f2) and k and I given positive integers. 
Then and gn in (8.5) can he chosen such that 

l/cU < 1 and \g^\i < 1 

for all f and rj, and 

^ ^ \^^v\ — ^\h\k+l+2soi 

with a constant C independent of h, and the number sq is the one from Assumption 

( 8 . 1 ). 

Proof. We write (8.3) as 

h ( x , y ) = a;,(l + ( 0)'“‘(1 + (»)))”'[(1 + + { v })-"\{ y )] 

and choose the functions in square brackets for and Pn- The estimates (8.4) and 
some straightforward calculations then give the lemma. □ 

From Lemma 8.2 we readily obtain the following corollary that expresses the fact 
that if h is in some bounded set in (^“(n x kl), the expansion (8.5) can be made such 
that ( 8 . 6 ) holds with and Pn in hxed bounded sets in C£°(f 2 ). 

Corollary 8.3. Let he a sequence of positive real numbers. Then there exists 

another sequence of positive real numbers such that for every h G ^“(kl x k2) 

satisfying 

\h\y<r^, i^ = l,2,..., 

we can choose f^ and Pn in (8.5) so that we have 

\f^\u ^ Si/, Ifi'ryli/ — Si/, O 1, 2, ... , 
for all f and rj, and also 

(8.6) 5^ |6j.,| < 1. 

Since A G .4, is continuous, there exist a constant C and integers k and I (depending 
on A) for which 

(8.7) 


i/i(/,s)i<ci/i/.isii, f,9€crm. 
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As stated above, there is a mapping A of x f]) into A, defined by ( 8 . 2 ). We 

shall now hrst prove that the range of this mapping is the whole of A and that it is 
one-to-one. 

Theorem 8.4. For any separately continuous functional A on x there 

exists precisely one distribution u in x hi) such that 

( 8 . 8 ) (Am)(/, g) := (m, f{x)g{y)) = A(/, g) 

holds for all {f,g) in C£°(r2) x C£°(r2). The mapping A defined by ( 8 . 8 ) is a linear 
homeomorphism. 

Proof. Let us write an arbitrary h in x hi) in the form given by Lemma 8.2. If 

k and I are integers such that (8.7) holds for our given A we hnd 

(8.9) ^ \b^rj\ \ A{f^,gr,)\ < C\h\k+i+ 2 so^ 

with C independent of h. We define u by 

(8.10) {u,h) := b^r,A{f^,g^) 

and conclude from (8.9) that u is an L-distribution on hi x hi of order k + l + 2so. It is 
clear that ( 8 . 8 ) holds for this u and also that u is uniquely determined by A\ indeed, if 
A vanishes it follows from (8.10) that m(/i) = 0 on all finite sums h = n&i 
and as the set of such sums is dense in Cff (hi x hi) the L-distribution u must vanish. 

Let us now show that the mapping A defined by ( 8 . 8 ) is a linear homeomorphism. 
In view of Proposition 3.3 and Lemma 3.4 the topologies on A and x hi) can 

be defined by the seminorms, which can be also expressed as 

pB^ByiA) = sup \A{f,g)\, f e g e By, 

0 B,,y{u) = sup \{u,h)\, heB^^y, 

where B^, By are bounded sets in C'£°(r 2 ) and B^y is a bounded set in C£°(r 2 x hi). 

It is clear that A is linear. Let us show that A and A“^ are both continuous. 

Let PBxBy be an arbitrary seminorm on A. Then 

pB,.By{Au) = pB,By{A) = sup \A{f,g)\= sup \{ujg)\. 

fGBxtQGBy fGBx,gGBy 

It is easy to see that for any bounded sets B^ C C£°(r2) and By C Cg°(f2) there exists 
a bounded set B^y C C£°(r 2 x hi) such that all products fg are in B^y whenever / is 
in Bx and g is in By. Hence 

sup \{ujg)\< sup \{u,h) \ = pB^yiu), 

f^BxiQ^By h^Bxy 

and so A is continuous. Conversely, if pB^^y is a seminorm on x f2) we hnd 

2 b.,(A"^A) = pB^yiu) = sup \{u,h) \ = sup I ^ b^yA{f^,gy)\, 

hGBxy h£Bxy ^ rj^X 

where h has been expanded as in Corollary 8.3, and thus 

sup |A(/^,^^)| < sup \A{f,g)\ = pB,By{A), 

h^Bxy fGBx,gGBy 
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if Bx and By are those bounded sets in C£°(f2) which contain all /g and according 
to Lemma 8.3. From (8.6) we now conclude that 


^A) < _sup \A{f^,gr,)\ \b^ri\ <PB^By{A), 




and thus A ^ is also continuous. This completes the proof of the theorem. □ 

Summarising what we have proved, for any linear continuous operator 

A: c'r(n) ^ v'^isi) 

there exists a kernel G ^ such that for all / G (7“(hi), we can write, in 

the sense of distributions. 


( 8 . 11 ) 


AS{x) = / Ka{x, y)f(y)dy. 


As usual, Ka is called the Schwartz kernel of A. For / G using the Fourier 

series formula 

/(^) = ^K'n)u^(y)^ 

rj^I 

we can also write 


( 8 . 12 ) 


2 l/(a:) = F/)*)) / KA(x,y)y,,(y)dy- 

ri&X 


Suppose now that {u^ : G X} is a WZ-system in the sense of Definition 1.3. Let 
us introduce the L-distribution kA G T>'^{Q x D) by the formula 

(8.13) kA{x,z) := kA{x){z) / ^A{x,y)urj{y)dyUy{z). 

Since for some C > 0 and A^ > 0 we have by Definition 1.3 

inf |m^(x)| > C{g)~^, 

the series in (8.13) is converges in the sense of L-distributions. Formula (8.13) means 
that the Fourier transform of kA in the second variable satisfies 

(8.14) kA{x,g)uy{x) = / KA{x,y)uy{y)dy. 

Jn 

Combining this and (8.12) we get 

Af{x) = / KA{x,y)uy{y)dy = Yfiv)kA{x,v)uy{x) = {f-kLkA{x)){x), 


rjex 


i?GX 


where in the last equality we used the notion of the L-convolution in Definition 
5.1. Summarising this calculation as well as an analogous argument for the adjoint 
operator L*, we record 
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Proposition 8.5. Suppose that {u^ : ^ E T} is a WZ-system in the sense of Defi¬ 
nition 1.3. Then for a linear continuous operator 

A : CrP ^ V'^{Q) 

there exists the convolution kernel kA E D[(f2 x Q) such that 

Af{x) = ifXLkA{x)){x), fECffiU), 

where we write 

kAix){y) := kAix,y) 

in the sense of distributions. The convolution kernel kA and the Schwartz kernel Ka 
of an operator A are related by formulae (8.11)-(8.14). 

Also, for any linear continuous operator 

A : 

there exists a kernel Ka E PL*(fi x fi) such that for all f G we have 

^f{x)= [ KA{x,y)f{y)dy. 

Jn 

If, in addition, f E T} is a WZ-system, then for a linear continuous operator 

A : —)■ there exists the convolution kernel kA E x f2), such that 

Af{x) = {fTLkA{x)){x), fECffiU), 

where we write 

kAix){y) := kAix,y) 

in the sense of distributions. 

In the last formula we refer to (5.2) for the dehnition of the L*-convolution 


9. L-Quantization and and full symbols 

In this section we describe the L-quantization induced by the boundary value prob¬ 
lem Lq. From now on we will assume that the system of functions G X} is a 

WZ-system in the sense of Dehnition 1.3. Later, we will make some remarks on what 
happens when this assumption is not satished. 

Definition 9.1 (L-Symbols of operators on 12). The L-symbol of a linear continuous 
operator 

at a: G 12 and G X is dehned by 

(^a{x, 0 ■= kA{x){f) = X'l(/ca(x))(0- 
Hence, we can also write 



kA{x,y)v^{y)dy = {kAix),v^). 


(^A{x,f) 
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By the L-Fourier inversion formula the convolution kernel can be regained from 
the symbol: 

(9.1) kA{x, y) = ^ (Ta{x, 

i&x 

all in the sense of L-distributions. We now show that an operator A can be represented 
by its symbol: 

Theorem 9.2 (L-quantization). Let 

A : C^(Q) C^iU) 

be a continuous linear operator with L-symbol a a- Then 

(9.2) Af{x) = u^{x)aA{x, 0/(0 

CGI 

for every f E C£°(r2) and x E fl. The L-symbol aA satisfies 

(9.3) (^a{x, 0 = u^{x)~^{Au^){x) 
for all X E Ll and f eX. 

Proof. Let us define a convolution operator A^^ E £(C£°(r2)) by the kernel 

Kfix) := kA{xo,x), 


i.e. by 

^xof{x) ■= {f-kLk^^){x), 

with the usual distributional interpretation of the appearing quantities. Thus 

(^A,,{X,0 = fcxo(0 = (^a{Xo,0, 

SO that we have 


^xof{x) = = X^/(0^a(xo,0“0^)) 

where we used that f-^ikxo = fk^g by the same calculations as in Lemma 5.3. This 
implies (9.2) because 

Af{x) = Axf{x). 


For (9.3) , we can then calculate 

rjGX 


completing the proof. □ 

As a consequence of the proof and of various formulae for kernels and convolu¬ 
tions, we can collect several formulae for the symbol under the assumption that the 
biorthogonal system is a WZ-system: 
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Corollary 9.3. We have the following equivalent formulae for L-symbols: 


(i) aA{x,f)= / kA{x,y)v^{y)dy; 

Jn 

(ii) aA{x,f) =uf^{x){Au^){x)-, 

(iii) aA{x, 0 = u^\x) ^ Ka{x, y)u^{y)dy; 

(iv) aA{x,f) =uf\x) 



F(x, y, z)kA{x, y)u^{z)dydz. 


Q, Jn 


Here and in the sequel we write = u^{x) Formula (iii) also implies 

(v) KA{x,y) = ^u^{x)aA{x,f)v^{y). 

«GX 


In the case when {u^ : G X} is not a WZ-system, we can still understand the 

L-symbol aA of the operator A as a function on x X, for which the equality 

u^{x)aA{x,f) = / KA{x,y)u^{y)dy 
Jn 

holds for all in X and for x G ff. Of course, this implies certain restrictions on the 
zeros of the Schwartz kernel Ka- Such restrictions may be considered natural from 
the point of view of the scope of problems that can be treated by our approach in 
the case when the eigenfunctions u^{x) may vanish at some points x. 


Similarly, we can introduce an analogous notion of the L*-quantization. 


Definition 9.4 (L*-Symbols of operators on f2). The L*-symbol of a linear continuous 
operator 

A : CffiU) ^X>L*(fi) 

at x G and ^ G X is dehned by 

xa(x,0 ■=^a(x),( 0 = J^L*(kA(x))(0- 

We can also write 

xa(x,0= / kAix,y)u^{y)dy = (kAix),u^). 

Jn 

By the L*-Fourier inversion formula the convolution kernel can be regained from 
the symbol; 

( 9 . 4 ) kA{,x, y) = Y^ TAix, OMv) 

i&x 

in the sense of L*-distributions. Analogously to the L-quantization, we have: 

Corollary 9.5 (L*-quantization). Let ta he the L*-symbol of a continuous linear 
operator 

A: ^{(^(n) ^C£S(n). 





Then 

(9.5) 
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-4/(x) = ^ue(x)rA(x,0/*(0 

for every f G and x E Q. For all x E Q and f eX, we have 

(9.6) rA{x,f) = 'yg(a;)"^(Au^)(a;). 

We also have the following equivalent formulae for the L*-symbol: 


(i) TA{x,f) 


/ kA{x,y)u^{y)dy; 
Jn 


(ii) TAix,f)=v^ (x) / KA{x,y)v^{y)dy. 


We now briefly describe the notion of Fourier multipliers which is a natural name 
for operators with symbols independent of x. In [DRT15] the analysis of this paper 
is applied to investigate the spectral properties of such operators, so we can be brief 
here. 

Definition 9.6. Let A : Cff{Q) —?■ be a continuous linear operator. We will 

say that A is an L-Fourier multiplier if it satishes 

j^LiAfm = aiOJ^Lifm, f e crm, 

for some a ; X —C. Analogously we define X*-Fourier multipliers: Let B : (hi) 

Cff, (n) be a continuous linear operator. We will say that B is an L*-Fourier multiplier 
if it satisfies 

BL^Bfm = r(o*^L*(/)(o, / e c“(n), 

for some r ; X ^ C. 


As used in [DRT15], we have the following simple relation between the symbols of 
an operator and its adjoint. 

Proposition 9.7. The operator A is an L-Fourier multiplier by a{f) if and only if 
A* is an L* -Fourier multiplier by cr(^). 


Proof. R is enough to prove the ‘only if’ implication. First, by the Parceval identity 


(^/,£/) l 2 = = 5^/(0 ( Of * ( 0 - 

Sex Sex sgx 

At the same time 


sex 


Consequently, 


^*^*(0 = f^(0f (0, 


i.e. A* is an X*-multiplier by (x(.^). 


□ 
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10. Difference operators and symbolic calculus 

In this section we discuss difference operators that will be instrumental in defining 
symbol classes for the symbolic calculus of operators. An interesting new feature of 
these operators compared to previous settings is that they will be also dependent on 
a point X E fl. 

Let Qj G X D), j = 1,be a given family of smooth functions. We will 

call the collection of g^-’s L-strongly admissible if the following properties hold: 

• For every x G D, the multiplication by qj{x, •) is a continuous linear mapping 
on C£°(r2), for all j = 1,..., /; 

• qj{x, x) = 0 for all j = 1,..., /; 

• Tank{Vyqi{x,y),... ,Vyqi{x,y))\y=^ = n; 

• the diagonal in D x D is the only set when all of g^-’s vanish; 

i 

{{x, y) E fl X Q : qj{x, i/) = 0} = {(x, x) : x E D}. 
i=i 

We note that the first property above implies that for every x E Q, the multipli¬ 
cation by qj{x, •) is also well-dehned and extends to a continuous linear mapping on 
Also, the last property above contains the second one but we chose to still 
give it explicitly for the clarity of the exposition. 

The collection of g^-’s with the above properties generalises the notion of a strongly 
admissible collection of functions for difference operators introduced in [RTW14] in 
the context of compact Lie groups. We will use the multi-index notation 

g“(x,i/) :=g“i(x,i/)---gf'(x,i/). 

Analogously, the notion of an L*-strongly admissible collection suitable for the con¬ 
jugate problem is that of a family q^ E x D), j = 1,...,/, satisfying the 

properties: 

• For every x G D, the multiplication by qj{x, •) is a continuous linear mapping 
on C£?(r2), for all j = 1,..., /; 

• qj{x, x) = 0 for all j = 1,..., /; 

• Tank{Vyqi{x,y),...,Vyqi{x,y))\y=^ = n; 

• the diagonal in D x D is the only set when all of q/s vanish: 

i 

{{x,y) E fl X Q : qj{x,y) = 0} = {(x,x) : x G D}. 
i=i 

We also write 

rix,y)-.= q^^ix,y)---q^^{x,y). 

We now record the Taylor expansion formula with respect to a family of g^-’s, which 
follows from expansions of functions g and g"(e, •) by the common Taylor series: 

Proposition 10.1. Any smooth function g E C°°(f2) can be approximated by Taylor 
polynomial type expansions, i.e. for e E Q, we have 

9{x) = ^D^")g(x)|^=eg“(e,x) + Y a:)gjv(a:) 

Of! Of! 

|a|<A^ \(y\=N 
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( 10 , 1 ) 




(e,x) 


o>0 


in a neighborhood of e eVL, where E and g{x)\x=e can be found from 

the recurrent formulae: " := I and for a E Ng, 

^ ^ E)^“^c/(a:)U=e, 

where /3 = (A,..., /3„) and 

Analogously, any function g E C'°°(f2) can be approximated by Taylor polynomial 
type expansions corresponding to the adjoint problem, i.e. we have 

9{x)= ^ ^ ^g“(e,x)^jv(x) 


|a|<A 


|a|=A 


a\ 


( 10 , 2 ) 


^o“' 


in a neighborhood of e G hi, where gN E C°°{VL) and g{x)\x=e are found from the 
recurrent formula: T)(0’ '’0) ;= / and for a E Ng, 


d^g{x)\x=e= — [a^g“(e,x)] g{x)\x=e, 

^^ a\ x=e 


H<l/3| 


where (3 = {(3i,..., (3n), and is dehned as in Proposition 10.1. 

It can be seen that operators and are differential operators of order |q;|. 
We now dehne difference operators acting on Fourier coefficients. Since the problem 
in general may lack any invariance or symmetry structure, the introduced difference 
operators will depend on a point x where they will be taken when applied to symbols. 


Definition 10.2. For WZ-systems, we dehne difference operator acting on 

Fourier coefficients by any of the following equal expressions 


A' 


q,ix)fiO = j [ /" q'^{x,y)F{x,y,z)f{z)dz u^{y)dy 


= Y 1 >«(•)) {v)f{v)ur^{x) 

riel 

= ufix) {[q'"{x, ■)u^{-)Wf) (x). 

Analogously, we dehne the diherence operator A“(-^^ acting on adjoint Fourier coeffi¬ 
cients by 

^Ux)f*i0 ■= ■Hi-))iv)f*iv)vq{x). 

riGl 


For simplicity, if there is no confusion, for a hxed collection of g^-’s, instead of Ag (a,) 
and Ag (a;) we will often simply write A(a;) and A(a;). 
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Recalling that the general philosophy behind the symbolic constructions and the 
dehnition of the classes of symbols is that since the symbol is the Fourier transform 
of the (convolution) kernel of the operator, the difference conditions correspond to 
the multiplication of the kernel by functions vanishing on its singular support and, 
therefore, lead to the improved behaviour reducing the strength of the singularity. 
Indeed, applying difference operators to a symbol and using formulae from Section 
9, we obtain 

0 = ^ J^L {f{x, > 5 (-)) {ri)a{x, v)un{x) 



(10.3) =u^^{x) [ q‘^{x,y)K{x,y)u^{y)dy. 

Jn 

In view of the hrst property of the strongly admissible collections, for each x G fl, 
the multiplication by q°'{x, •) is well dehned on ©^(fl). Therefore, we can write (10.3) 
also in the distributional form 


providing more light on the nature of the difference operators applied to symbols. In 
view of the preceding discussion this and the latter formula (10.3) yield indeed the 
justihcation of the dehnition of difference operators as in Dehnition 10.2. 

Plugging the expression (v) from Corollary 9.3 for the kernel in terms of the symbol 
into (10.3), namely, using 


K{,x,y) = '^Ur^{x)a{x,rii)v^{y), 
??gx 

we record another useful form of (10.3) to be used later as 


.- 1 / 


f (f{x,y) 

^u^{x)a{x,y)vrj{y) 

Jn 



u. 


i{y)dy 


(10.4) 


u^^{x)^u^{x)a{x,ri) 

rjGl 


Un 


q°{x,y)vn{y)u^{y)dy 


with the usual distributional interpretation of all the steps. In the sequel we will also 
require the L*-version of this formula, which we record now as 

(10.5) ^(^)a{x, 0 = ^^“^(a;) ^ Vr,{x)a{x, y) 

rjGX 


q^{x,y)ur^{y)v^{y)dy 


Using such diherence operators and derivatives from Proposition 10.1 we can 
now dehne classes of symbols. 
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Definition 10.3 (Symbol class ^ ^))- Let m G M and 0 < 5,p < 1. The 

L-symbol class x X) consists of those functions a(x,^) which are smooth in x 

for all ^ G X, and which satisfy 

(10,6) lAf.jCPa)!,?)! < 

for all X € Q, for all o, /? > 0, and for all ^ G T. Here the operators * are defined 
in Proposition 10.1. We will often denote them simply by 

The class Le often denoted by writing simply xX). In (10.6), 

we assume that the inequality is satisfied for x G fl and it extends to the closure fl. 
Furthermore, we define 

sp(Ti X I) - IJ X I) 

mGK 


and 

S-°°(U X X) := Pi S"^(n X X). 

mgK 

When we have two L-strongly admissible collections, expressing one in terms of the 
other similarly to Proposition 10.1 and arguing similarly to [RTW14], we can convince 
ourselves that for p > 5 the definition of the symbol class does not depend on the 
choice of an L-strongly admissible collection. 

Analogously, we define the L*-symbol class x X) as the space of those func¬ 

tions a(x,^) which are smooth in x for all ^ G X, and which satisfy 


A^,,D(^>a(x,() 




for all X G fl, for all a,/3 > 0, and for all G X. Similarly, we can define classes 
X X) and S-°°(Q x X). 

IfaeS™,(S xX), it is convenient to denote by a(X, D) = OpL(a) the corresponding 
L-pseudo-differential operator defined by 

(10.7) OpL(a)/(x) = a{X, D)f{x) := ^ u^{x) a{x, 0 /( 0 - 

€GX 


The set of operators OpL(a) of the form (10.7) with a G S^g{flxX) will be denoted by 
OpL(-S'™ 5 (fl X X)), or by x X). If an operator A satisfies A G OpL(5'™5(fl x X)), 

we denote its L-symbol by = cr^(x,^), x G fl, ^ G X. Naturally, o'a{x,D){x,^) = 

a(x, 0 - _ _ 

Analogously, if a G SJ^^(QxI), we denote by a(X, D) = OpL*(a) the corresponding 
L*-pseudo-differential operator defined by 

(10.8) OpL*(a)/(x) = a{X,D)f{x) := 

«ex 


The set of operators OpL*(a) of the form (10.8) with a G x X) will be denoted 

by OPL* (^,”),(n X X)), or by T™,(n x X). 
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Remark 10.4. (Topology on (12 xX) (S'™^(12 xX))). The set S'™^(12xX) (S'™^(12x 
X)) of symbols has a natural topology. Let us consider the functions x 

X) ^ M (^„^ : ^;(5(n X X) ^ M) dehned by 





(x, G Q X I 



sup 






(x, .^) G 12 X X 


Now {{l^a/s}) ^ countable family of seminorms, and they dehne a Frechet 

topology on x X) (^^^(ll x Z)). Due to the bijective correspondence of 

OpL(F;)(n X X)) and F;;‘5(n x X) (OpL*(^^5(n X X)) and x ^)), this di¬ 

rectly topologises also the set of operators. These spaces are not normable, and the 
topologies have but a marginal role. 


The notion of a symbol can be naturally extended to that of an amplitude. 


Definition 10.5 (L-amplitudes). The class A^^{VL) of L-amplitudes consists of the 
functions a(x, yA) which are smooth in x and y for all ^ G X and which satisfy 


(10.9) 


AJ',,Af;£>fC>’)a(i,'i/,0 


^ Caaa'fi'ym (0 


m-p(|Q| + |Q'|)+<5(|^| + |7|) 


for all x,y & Q, for all a, a', /?, 7 > 0, and for all ^ G X. Such a function a will be also 
called an L-amplitude of order m G M of type {p, 5). Formally we may also dehne 



for / G C£°(r2). Sometimes we may denote OpL(a) by a{X,Y, D). We also write 
7l”^(r2) := 7l™o(^) as 

.4-~(S) := f| .A™® and .4“,(S) - (J .4™,(n). 

mGR mGR 


Clearly we can regard the L-symbols as a special class of L-amplitudes, namely 
the ones independent of the middle argument. Analogously, the class of L*- 

amplitudes consists of the functions a{x,yA) which are smooth in x and y for all 
G X and which satisfy 


( 10 . 10 ) 


Af,)Af;,£><«C7a( 

— Caap'ym ii) 


m-p(l“l+l“'l)+<5(l/3|+l7l) 


for all x,y E Q, for all a, a', /S, 7 > 0, and for all ^ G X. Formally we may also write 
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for / e We also write := as well as := f] 

mGR 

and := U 

mGM 

Definition 10.6 (Equivalence of amplitudes). We say that amplitudes a, a' are 
m(p, (5)-equivalent (m G M), a a', if a — a' G they are asymptoti¬ 

cally equivalent, a ~ a' (or a ^ a' if we need additional clarity), if a — a' G .4,“°°(12). 
For the corresponding operators we also write Op (a) Op (o') and Op (a) ~ Op(a') 

(or Op(a) ^ Op(a') if we need additional clarity), respectively. It is obvious that 
and ~ are equivalence relations. 

From the algebraic point of view, we could handle the amplitudes, symbols, and 
operators modulo the equivalence relation because the L-pseudo-differential oper¬ 
ators form a ^-algebra with Op(S'“°°(f2 x I)) as a subalgebra. 


The next theorem is a prelude to asymptotic expansions, which are the main tool 
in the symbolic analysis of L-pseudo-differential operators. 


Theorem 10.7 (Asymptotic sums of symbols). Let C M &e a sequence such 

that nij > ruj^i, and ruj —)■ —oo as j —)■ oo, and aj G (12 x X) for all j G X. Then 
there exists an L-symbol a G x X) such that for all N eT, 


a 


mN,P,S 

rsj 


N-l 


j=0 


Proof. The proof is rather standard. Choose a function y G C'°°(M) satisfying |,^| > 
1 ^ xiO = 1 ^^cl |.^| < ^ ^ xiO = Oj otherwise 0 < y(.^) < 1. Take a sequence 
(£j)^o of positive real numbers such that Ej > £j+i, and — )■ 0 as j —)■ oo, and 
dehne Xj ^ C°°(M) by XjiO •= xi^jO- Since XjiO = f fo^ sufficiently large f, we 
get XjCTj G 5 ^( 5 (12 X X) for each j. For any hxed ^ G X the function XjiO^ji^A) 
vanishes, when j is large enough. This justihes the dehnition 

OO 

j=0 

and clearly a G x X). Furthermore, 

N—1 N—1 00 

i=o j=0 j=N 

Recall that Ej > Ej+i, and —?■ 0 as j —?■ 00 , so that the J2f=o of ff^® 

vanishes, whenever f is large. This shows that 

A-l 

Xj{0^j{x,0 e S^/{Q X X) 

j=0 


hnishing the proof. 


□ 
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We will now look at the formula for the symbol of the adjoint operator. Let 
A G OpL(5'™5(r2 X X)). By the definition of the adjoint operator we have 

= {u^,A*Vr^)L 2 


or 


/ Au^{x)Vrj{x)dx = / U^{x)A*Vri{x)dx 

Jq Jq 

for ^, 1 ] eT. Plugging in the integral expressions, we get 



KA{x,y)u^{y)dy 


Vr,{x)dx 


/ Mx) 

/ KA*{x,y)vr^{y)dy 

Jn 

r 

Un J 

r r 1 

/ Mv) 

Jn 

/ KA-{y,x)vn{x)dx 

Jn 


dx 


dy 


for ^,7] E I, where we swapped x and y in the last formula. Consequently, we get 
the familiar property 

KA*{.x,y) = KAiy,x). 

Now, using this and formula (ii) in Corollary 9.5, and then formula (v) in Corollary 
9.3 and the Taylor expansion in Proposition 10.1, we can write for the L*-symbol ta* 
of A* that 


i;^(a;)rA*(x ,0 = / KA*{x,y)v^{y)dy 


in 


= / KA{y,x)v^{y)dy 
Jn 

= / '^Urj{y)aA{y,v)vr,{x)v^{y)dy 
~ / '^'^r,{y)'^—^Dt^(TA{x,r])q'^{x,y)vr,{x)v^{y)dy 

as an asymptotic sum. Formally regrouping terms for each a, we obtain 

rA4x,0 ^ j q^{x,y)ur^{y)v^{y)dy. 

a 7 ?GX 

Using the L*-version of the difference formula (10.5), taking 


q{x,y) := q{x,y) 


we can write this as 

rA*{x,i) ~ 

OL 

Making rigorous estimates for the remainder in a routine way, and assuming in the 
following theorem that for every x E Q, the multiplication by qj{x, •) preserves both 
spaces C£°(r2) and C£S(r2), we have proved: 






















NONHARMONIC ANALYSIS OF BOUNDARY VALUE PROBLEMS 


43 


Theorem 10.8 (Adjoint operators). Let 0 < 6 < p < 1. Let A G OpL(5'))(5(f2 x I)). 
Assume that the conjugate symbol class xX) is defined with strongly admissible 

functions qj{x,y) := qj{x,y) which are lA-strongly admissible. Then the adjoint of 
A satisfies A* G OpL* x I)), with its L*-symbol ta* G x X) having the 

asymptotic expansion 

OL 

We now treat symbols of the amplitude operators. 

Theorem 10.9 (Amplitude symbols). Let 0 < 5 < p < 1. For every amplitude a G 
AfffiVl) there exists a unique L-symbol a G x X) satisfying OpL(a) = Opl(o'), 

where 

(10.11) ct(x,0 ~ 

a>0 


Proof. As a linear operator on C£°(r2), the operator OpL(a) possesses the unique L- 
symbol a = cTopL(a), but at the moment we do not yet know whether a G x X). 

By Theorem 9.2 the L-symbol is computed from 

(T(x,f) = uf^(x)(OpL(a)u^)(x) = u^\x) V] / Urf(x) Vrj(y) a(x,y,p) u^{y)dy. 

rjex 


Let us denote 
i.e., we get 
Then we have 


ka{x,y,z) := {Tj^A{x,y, ■)){z) 

a(x,2/,0 = {J^Lka{x,yr)){0- 


aixA) = u^\x)J2 [ [ u,ix)v,iy)v,iz)kfix,y,z) u^{y) dy dz 

t/ t/ o 

= uf\x) / / F{x,y,z)ka{x,y,z) u^{y) dy dz. 

Jn Jn 

Now we approximate the function ka{x,-,z) G C£°(f2) by Taylor polynomial type 
expansions, by using Proposition 10.1, we have 

1 

a\ 


/ / F{x,y,z)q^{x,y) 

Jn Jn 

X [Dll^'^ka{x,y,z)]y^^ ufiy)u^^{x)dzdy 

o>0 


Omitting a routine verification of the properties of the remainder, this yields the 
statement. □ 


We now formulate the composition formula. 
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Theorem 10.10. Let mi, m 2 G M and p > 8 > 0. Let A,B : —?■ be 

continuous and linear, and assume that their L-symbols satisfy 

for all a, (3 > 0, uniformly in x E Ll and f eX. Then 

( 10 . 12 ) (Tab{x, 0 ~ 0 , 

where the asymptotic expansion means that for every N Efi we have 

\a\<N 


Proof. First, by the Schwartz kernel theorem from Section 8, we have 
ABf{x) = {kA{x)^LB f){x) 

F{x,y,z)kA{x,z)dz {Bf){y)dy 

I 

/ F{x,y,z)kAix,z)dz 


X 


F{y,s,t)kB{y,t)dt f{s)ds)dy. 


n '-Jn 


Hence 


<xab{x ,0 = u^^{x){A{Bu^)){x) 

= [ (\ [ F{x,y,z)kA{x,z)dz 


X 


F{y, s,t)kB{y,t)dt u^{s)ds]dy. 


Now we approximate the function kB{-,t) E C£°(r2) by Taylor polynomial type ex¬ 
pansions. By using Proposition 10.1, we get 


o-AB(a;,0 ~ / ( / F{x,y,z)kA{x,z)dz 


O .JQ 


X 


Q JQ 


F{y,s,t)^—q°‘{x,y)D^f"^kB{x,t)dt u^{s)dsjdy 


a>0 




X 


F{x, y, y)kA{x, z)dz 


o>0 


X 


Q, JU 


F{y, s,t)D^'^kB{x,t)dt u^{s)ds')dy 


Since 


u,^{y) / / F{y,s,t)D^f^^kBix,t)dt u^{s)ds = 


ft JQ 
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= / / '^Un{y) Vr^{s) v^{t)D^f>kB{x,t)dt u^{s)ds 


riGl 


'^u^\y)urj{y) 


D^'^ksix^t) Vrj{t)dt U^{s)Vrj{s)ds 

D^x^kB{x,t) Vr,{t)dt 


X 


= ^u^^{y)ur^{y) u^{s)vrj{s)ds 

r)£X ./li 

= u^^{y)u^{y) D^°^kB{x,^) 

= Di^^kB{x,0 

= Di^^aB{x,0, 

using Definition 10.2, we have 

(Tab{x,0 ~ 


o>0 


Omitting a routine treatment of the remainder, this completes the proof. 


□ 


11. Properties of integral kernels 

We now establish some properties of Schwartz kernels of pseudo-differential op¬ 
erators with symbols in the introduced Hormander-type classes. In the following 
Theorem 11.1, let us make the assumption on the growth of L°°-norms of the eigen¬ 
functions u^. Finding estimates for the norms ||M^||i;,oo in terms of the corresponding 
eigenvalues of L is a challenging problem even for self-adjoint operators L, see e.g. 
Sogge and Zelditch [SZ02] and references therein. Thus, on tori or, more generally, 
on compact Lie groups, the eigenfunctions of the Laplacian can be chosen to be uni¬ 
formly bounded. However, even for the Laplacian, on more general manifolds, such 
growth depends on the geometry of the manifold. We refer to [DR14a, Remark 8.9] 
for a more thorough discussion of this topic as well as for a list of relevant references. 

Theorem 11.1 (Kernel of a pseudo-differential operator). Let fiQ be a constant such 
that there is C > such that for all f G X we have 

hdk- < c{ir- 

Let a G S^^iVLxX), p > 0. Then the kernel K{x, y) of the pseudo-differential operator 
OpLO satisfies 

for any N > {fi-\-mk-\-2fio-\- so)/p and x ^ y, where m is the order of the differential 
operator L and sq is the constant from Assumption 8.1. 

In particular, if L is for example locally elliptic, (11.1) implies that for x ^ y, the 
kernel K{x, y) is a smooth function. And, if a G xX), then the integral kernel 

K{x,y) of Oplo is smooth in x and y. 
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Proof. By Corollary 9.3 we have 

a{x,f) =u'f^{x) / K{x,y)u^{y)dy. 

Jn 

By using Definition 10.2 and by direct calculations, recalling (10.3) we have 

0 = >«(•)) iv)a{x, v)u^{x) 

= u^\x)'^J^L(q‘"{x,-)u^{-)Yv) [ K{x,y)urj{y)dy 

rjGl 


= u^^{x) / K{x,y) 

Jn 

= u^\x) / q°‘{x,y)K{x,y)u^{y)dy, 


J^L [q'^ix, >^(-)) iv)u^iy) 

.rj&X 


dy 


and also 


n 5 (a;)AjA“^)a(x ,0 = / q'^{x,y)K{x,y)X'lu^{y)dy 


= / q'^{x,y)K{x,y)L u^{y)dy = / (L*) {q^{x,y)K{x,y))u^{y)dy. 


This means that 


m)\q<^ix,y)K{x,y)) = T^\u^{x)XlAl^aix,0)iy)- 

Since it follows from assumptions that 

we have 

A‘|Af,,a(x, 0 | < (7©'“+”*-'"“'. 

We recall now the norm 


a(a;,-)||n(L) = 5 ^|a(a;,OII|wdU-(D) 


from Section 7. It follows that 


^GX CGX 


Consequently, if 

|q!| > (/i + mk + 2/io + so)/p, 

where Sq is the constant from Assumption 8.1, we have that n^(x)AgA"^^a(x, (^) is in 
/^(L) with respect to f, and hence {L*)^{q°‘{x,y)K{x,y)) is in L°° by the Hausdorff- 
Young inequality in Theorem 7.6. Since L* is a differential operator, we also have 

q^{x,y)mfK{x,y)eL^{nxn) 

for such a. By the properties of g“ it implies the statement of the theorem. □ 
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The singular support of ta G 'D'i^{VL) is defined as the complement of the set where 
w is smooth. Namely, x ^ singsupp w if there is an open neighbourhood U of 
X and a smooth function / G C£°(f2) such that = /(<p) for all (p G C£°(f2) 

with SUPP 99 C U. As an immediate consequence of Theorem 11.1 we obtain the 
information on how the singular support is mapped by a pseudo-differential operator: 

Corollary 11.2. Let a a € S^si^l xX), l>p>(5>0. Then for every w G 
we have 

singsupp Aw C singsupp w. 

For elliptic operators, in Corollary 12.2 we state also the inverse inclusion. 


12. L-ELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS 


In this section we discuss operators that are elliptic in the symbol classes generated 
by L. For such operators we can obtain parametrix and then also a-priori estimates by 
the properties of pseudo-differential operators in, for example, Sobolev spaces, once 
they are established in Section 14, see Theorem 14.3. Thus, from the asymptotic 
expansion for the composition of pseudo-differential operators, we get an expansion 
for a parametrix of an elliptic operator: 

Theorem 12.1 (L-ellipticity). Let 1 > p > <5 > 0. Let a a G x X) he elliptic 

in the sense that there exist constants Cq > 0 and Nq eN such that 


( 12 . 1 ) 

for all {x,f) G 12 xX for which ^ > N^; this is equivalent to assuming that there exists 
as G X X) such that I — BA, I — AB are in Opi^S~°°. Let 

00 

j=0 

a A, GF;;("-')^(nxX). Then 

00 

k=0 

where Bk G g ^^^(12 x X) is such that 


for large enough and recursively 

TV —1 N—k 

= c,, (I r) i 

Aot la\=N-j-k 


Proof. Now / ~ BA, so that by the composition Theorem 10.10 we have 
1 ~ aBA{x,f) 

oeN', 


rs_/ 
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iGNf, 


k=0 


j=0 


where we want to solve it for as^.- Notice that Aq is elliptic if and only if A is 
elliptic. Moreover, without a loss of generality we may assume that does not 
vanish anywhere. Obviously, we can demand that 1 = (TBp(a:, (^)cr^p(a:, .^), and that 


0 = 




j-\-k-\-\a\=N 


Then the trivial solution of these equations is the recursion of the theorem. It is easy 
to check that G {D. x X). Thus B ~ YlT=o^k- D 


Theorem 11.1 applied to the parametrix from in Theorem 12.1, implies the inverse 
inclusion to the singular supports from Corollary 11.2 for elliptic operators: 

Corollary 12.2. Let 1 > p > 5 > 0 and assume that aA G x X) is L-elliptic. 

Then for every w G X>l(0) we have 


singsupp Aw = singsupp w. 


13. Sobolev embedding theorem 


In this section we prove an example of a Sobolev embedding theorem for Sobolev 
spaces 'Hl associated to L, considered in Section 6. However, only limited conclusions 
are possible in the abstract setting when no further specihcs about L are available. 
Now, let (7(12) be the Banach space under the norm 

||/||c(n) := sup|/(a;)|. 

x£ft 

We recall that we have a differential operator L of order m with smooth coefficients 
in the open set 12 C M"', and also the operator L° from (1.7). 

The following theorem is conditional to the local regularity estimate (13.1). It is 
satished with x = 1 if, for example, L is locally elliptic, i.e. elliptic in the classical 
sense of However, if L is for example a sum of squares satisfying Hormander’s 
commutator condition, the number x > 1 may depend on the order to which the 
Hormander condition is satished, see e.g. [GR15] in the context of compact Lie 
groups. 


Theorem 13.1. Let k be an integer such that k > n/2. Let x he such that the 
operators L and L° satisfy the inequality 


(13.1) 


tff 


dx^ 


L 2 ( 0 ) 


< C 


(I + L°L)^/ 


L^{n) 


for all f G (7°° (12), for all a G Ng with |q;| < k. Then we have the continuous 
embedding 


nti^) ^ C'(G). 
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Proof. By the local Sobolev embedding theorem at x G for |a| < k, we have 

1/2 


i/wi<c Y. 


|Q!|<fc ' 


do 


dy^ 


:fiy) 


dy 


Thus, considering / G without loss of generality due to the density of 

and for all x G in view of the assumption (13.1) we have 

1/2 

2 


i/wi<c 5^ f 


dy^ 


:f{y) dy 


< 


1/2 


\ 1/2 


S C (g«)"’'‘/(0/-K)j = C\\f\\n..(ny 

is true. Hence we obtain the statement of the theorem. 

14. Conditions for L^-boundedness 


□ 


In this section we will discuss what conditions on the L-symbol a guarantee the 
L^-boundedness of the corresponding pseudo-differential operator OpL(a) : C£°(H) 
Vi{Q). 

Theorem 14.1. Let k be an integer > n/2. Let a : Q x X ^ C be such that 
(14.1) \df.a{x,f)\ < C for all {x,f) e Ll X I, 

and all \a\ < k, all x E Ll and f eX. Then the operator OpL(a) extends to a bounded 
operator from L'^iyi) to L‘^{Q). 

Proof. Let us dehne an operator Ay by 

'=11 u^{x)v^{z)a{y,f)f{z)dz, 

so that Axf{x) = OpL(a)/(x). Then 

l|OpL(a)/||i 2 (Q) = f \A^f{x)\‘^dx < [ sup \Ayf{x)\‘^dx, 

Jn Jn yeo 

and by an application of the local Sobolev embedding theorem we get 


sup |4lj,/(x)|^ < C ^ / \d^Ayf{x)\‘^dy. 




|q;|</c ' 


Therefore, using the Fubini theorem to change the order of integration, we obtain 


l|OpL(a)/||i 2 (f^) < C ^ / / \d^Ayf{x)\‘^dxdy 


|a|<fc 


Q JQ. 
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< C ^ sup /" \d^Ayf{x)\‘^dx 
\a\<k 

= CY^ 

H<k 

<CJ2 Siipsup||a“a(i/,0|li2(n)||/|li2(f^), 

|a|<fc 

using the L^-boundedness of multipliers with bounded symbols following from Lemma 
4.3, completing the proof. □ 

From a suitable adaption of the composition Theorem 10.10, using that by Propo¬ 
sition 10.1 the operators (9“ and can be expressed in terms of each other as linear 
combinations with smooth coefficients, we immediately obtain the result in Sobolev 
spaces: 

Corollary 14.2. Let k be an integer > n/2. Let /i G M and let a : Q x Z ^ C be 
such that 

(14.2) |aXa:,OI < <^(0^ for all {x,^) e Q x X, 

and for all a. Then operator OpL(a) extends to a bounded operator from 'HfiVl) to 
for any s G M. 

By using Theorem 12.1 and Corollary 14.2, we get 

Theorem 14.3. Let A be an elliptic pseudo-differential operator with L-symbol G 
X X), /i G M, and let Au = f in Q, u E Then we have the estimate 

for any s,N eM.. 

Proof. Since A is an elliptic pseudo-differential operator with L-symbol a a E Sr-(fl x 
X), by Theorem 12.1 there exists a pseudo-differential operator A'^ with symbol G 
S~r-(Ll X X), such that 

AA<^ = A<^A = I + R, 

where R E Opl(S~°°). Thus 

A<^f = A^Au = (/ + R)u 

and 

u = A^f — Ru. 

Now, for / G Rl{kl) we have A^f E As u E Rff{VL) there exists Sq G M 

such that u E Wf{VL). Then Ru E Hence, we have 

u= {A^f-Ru) E 


By using Corollary 14.2, we complete the proof. 


□ 
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